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Connes-Kreimer Hopf algebra
» Hopf algebra 7 spanned by forests of rooted trees, i.e. generated by rooted trees

o,I,f\“;,...overQ
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Connes-Kreimer Hopf algebra
» Hopf algebra 7 spanned by forests of rooted trees, i.e. generated by rooted trees

. !1. AN 5,...overQ,where

Multiplication m : H x H — H is disjoint union,

Unit 1 : Q — H, where the empty tree is identified with 1 € H,

Counit T : H — @ is 0 except for X > ql — g € Q,

Coproduct is sum over admissible cuts c that separate the root R. from the pruned part P,

vvyvyy

Alhl=h®1+1®h+ Y  P[h @ RA].
@#ceC

Notation: Action on Hopf algebra [h] for h € H, ordinary argument (x).
» Graded by number of vertices, connected = antipode S follows recursively from A by
AS[h] = (S ® S) flip A[h] and S[1] = 0. Concretely

S[h=—h— > S(P[A)R°[A].

0#ceC

v
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Connes-Kreimer Hopf algebra
» Hopf algebra 7 spanned by forests of rooted trees, i.e. generated by rooted trees

. !1. AN 5,...overQ,where

Multiplication m : H x H — H is disjoint union,

Unit 1 : Q — H, where the empty tree is identified with 1 € H,

Counit T : H — @ is 0 except for X > ql — g € Q,

Coproduct is sum over admissible cuts c that separate the root R. from the pruned part P,

vvyvyy

Alhl=h®1+1®h+ Y  P[h @ RA].
@#ceC

Notation: Action on Hopf algebra [h] for h € H, ordinary argument (x).
» Graded by number of vertices, connected = antipode S follows recursively from A by
AS[h] = (S ® S) flip A[h] and S[1] = 0. Concretely

S[h=—h— > S(P[A)R°[A].

0#ceC

v

» Distinct drawings of the same tree are equivalent (i.e. not plane trees).

» In real physics, vertices are decorated, but not in this talk.
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Connes-Kreimer Hopf algebra, example

> Let Allj=h® 1+ 1®h+Afh].
Ale] =ex1+1Re, Ale] =0, Sle] = —.

» If A[h] =0, then his called primitive. e is the only primitive tree.
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Connes-Kreimer Hopf algebra, example
> Let Al =h® 1+ 1 h+ A
Ale] =ex1+1Re, Ale] =0, Sle] =—e.

» If A[h] =0, then his called primitive. e is the only primitive tree.

» A non-primitive tree:
A[A} :20®I + oo e,

SIA]=-A —SoiA[ A=A +20 1 —eon.
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Connes-Kreimer Hopf algebra, example
> Let Al =h® 1+ 1 h+ A
Ale] =ex1+1Re, Ale] =0, Sle] =—e.

» If A[h] =0, then his called primitive. e is the only primitive tree.

» A non-primitive tree:
A[A} :20®I + oo e,
SIA]=-A —SoiA[ A=A +20 1 —eon.

» Multiplicativity A[h1ho] = A[h1]A[hy] implies

NETUIED ol () PYIPEIT e

n factors Jj=0 n—j factors j factors
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Combinatorial DSEs
00@00000000000000000

Hochschild cocycle

» Operator By : H — H “adds a new root”. E.g.

Bi[l] =, B_,_[ooo]:JI\, B_,_[f\.}:}..
» B, is a Hochschild 1-cocycle,
AB.[h] = Bi[h] @ 1 + (id @ By )Alh].

» The Connes-Kreimer Hopf algebra H together with B, is universal among Hopf algebras
with a 1-cocycle:
Theorem (Universal property [Connes and Kreimer 1999])

If A is a connected graded Hopf algebra, and \ a Hochschild 1-cocycle on A, then there is a
unique bialgebra morphism ¢ : H — A such that ¢pB, = \¢.
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Rooted trees and Feynman graphs

» For our physical application, a rooted tree is a symbol for a certain Feynman graph.

» We start from some primitive “kernel” graph I', symbolized by e, then “inserting subtrees”
below e amounts to inserting subgraphs into I'.
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Rooted trees and Feynman graphs

» For our physical application, a rooted tree is a symbol for a certain Feynman graph.

» We start from some primitive “kernel” graph I', symbolized by e, then “inserting subtrees”
below e amounts to inserting subgraphs into I'.

» In this talk, mostly consider the kernel
el

» This graph is a quantum correction to a propagator (has 2 external legs). Can insert it
into one of the internal edges e;, e;. For now, insert into e; only.
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Example: Ladder trees / Rainbows

» Operator B, (7) inserts 7 into the lower edge of I

» For every order n (=number of vertices), there is 1 ladder tree :}n , and there is 1
[ ]

rainbow Feynman graph R,.

NN N NN

RiZe = B, (1) R= 3 = Bi(e) Rs= E =B.(})
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Example: Corollas / Chains

» Product m: H ® H — H means “join at external leg” (in this simple case).
» Product e e ---e maps to chain of multiedge graphs C,.

n factors

7 V2 Tn
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Example: A more complicated graph

» C, is the chain of two multiedges. Corresponds to ee € 7.

> B, [ee] = A, corresponds to the shown graph, where G, is inserted into the lower edge
of the kernel.
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Characters

» A character ¢ is a morphism H — A into some algebra A, i.e.

Pl hm-hy ] = o[h]- g[h]
—— ————
multiplication in #H multiplication in A
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Characters

» A character ¢ is a morphism H — A into some algebra A, i.e.

Pl hm-hy ] = o[h]- g[h]
—— ————
multiplication in #H multiplication in A

» Characters are a group, with operation “convolution product”
(¢1 % @2)[h] := ma(¢1 ® ) Alh].

» Inverse: ¢! := ¢S, then ¢~ % ¢ = 11.
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Characters

» A character ¢ is a morphism H — A into some algebra A, i.e.

Pl hm-hy ] = o[h]- g[h]
—— ————
multiplication in #H multiplication in A

» Characters are a group, with operation “convolution product”
(¢1 % @2)[h] := ma(¢1 ® ) Alh].

» Inverse: ¢! := ¢S, then ¢~ % ¢ = 11.
» o is an infinitesimal character if o[hy - hy] = o(hy) - L[ho] + o(h2) - L[M].

» If o is an infinitesimal character, then exp,(0) := 1 + o + %O’*O’ + ... is a character.
All characters are of this form (e.g. [Cartier and Patras 2021]).
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Feynman rules
» Feynman rules Fp are a character. They map to power series (=the binomial coalgebra)
in variable L = In £ Notation Fr[X](L) for X € H.
» Being a character is a physical axiom: (Probability) amplitude of independent processes
should be product, Fr[X1Xa] = Fr[X1]Fr[X2]
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Feynman rules
» Feynman rules Fp are a character. They map to power series (=the binomial coalgebra)
in variable L = In £ Notation Fr[X](L) for X € H.
» Being a character is a physical axiom: (Probability) amplitude of independent processes
should be product, Fr[X1Xa] = Fr[X1]Fr[X2]
» These are renormalized Feynman rules, Fr[X] = (R o F o S x F)[X] (more on that later).

» Infinitesimal Feynman rules o, related via

FrIX](L) = exp*(Lo)[X] = 1[X] + o[X]L + %(o*a)[X]Lz .

o[X] = %]-‘R[X] Ly
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Feynman rules

>

Feynman rules Fr are a character. They map to power series (=the binomial coalgebra)
2
in variable L = In £-. Notation Fr[X](L) for X € H.

Being a character is a physical axiom: (Probability) amplitude of independent processes
should be product, Fr[X1Xa] = Fr[X1]Fr[X2]

These are renormalized Feynman rules, Fr[X] = (R o F o S x F)[X] (more on that later).

Infinitesimal Feynman rules o, related via

FrIX](L) = exp*(Lo)[X] = 1[X] + o[X]L + %(o*a)[X]Lz .

o[X] = %]-‘R[X]‘L:O.

Under Feynman rules, the cocycle B, maps to an integral operator, the Feynman integral.
schematically

FrB01)(0 = (1= R) [ dk K(LKFrBIK)

Function K(L, k) is the integrand of the kernel graph I

Paul Balduf, U Oxford & PI Variations of single-kernel Dyson-Schwinger equations


https://paulbalduf.com/research

Combinatorial DSEs
000000000 e0000000000

Analytical Dyson-Schwinger equations

» Fundamental quantum principle: All processes that can take place, will take place
(simultaneously).

» In particular: 2-point function must be inserted into every edge of every Feynman graph.

Paul Balduf, U Oxford & PI Variations of single-kernel Dyson-Schwinger equations


https://paulbalduf.com/research

Combinatorial DSEs
000000000 e0000000000

Analytical Dyson-Schwinger equations

» Fundamental quantum principle: All processes that can take place, will take place
(simultaneously).

» In particular: 2-point function must be inserted into every edge of every Feynman graph.

» Integral equation for the renormalized Green function Gg(a, L) as a power series in
expansion parameter «. Called analytical DSE.

» We leave out all (infinitely many) but the very first one kernel graph

Gr=1+4a(l-R) —O_

(Gr)

f denotes some function to be discussed in the following.
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Analytical Dyson-Schwinger equations

» Fundamental quantum principle: All processes that can take place, will take place
(simultaneously).

» In particular: 2-point function must be inserted into every edge of every Feynman graph.

» Integral equation for the renormalized Green function Gg(a, L) as a power series in
expansion parameter «. Called analytical DSE.

» We leave out all (infinitely many) but the very first one kernel graph

Gr=1+4a(l-R) —O_

(Gr)

f denotes some function to be discussed in the following.

» On the level of rooted trees, “inserting into itself’ means that we have a fixed-point
equation for some object X(a) € H under the insertion operator B, . Called combinatorial
DSE, where Fr[X(a)](L) =: Gr(a, L).
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Combinatorial Dyson-Schwinger equation

» Recall B.[y] means “attach 7 below a new root”.
> Let X(a) be a formal power series (parameter ) with coefficients in . Expected
structure:

X(a)=1+aB, [f[X]]

Which function f can we take?
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Combinatorial Dyson-Schwinger equation

» Recall B.[y] means “attach 7 below a new root”.

> Let X(a) be a formal power series (parameter ) with coefficients in . Expected
structure:

X(a)=1+aB, [f[X]]

Which function f can we take?

» Recall renormalized Feynman rules Fz[X] = (RFS x F)[X], i.e. left side of coproduct
determines counterterm.

» Physically: Interpret counterterm as reparametrization, must consist of “the same” series
as X itself (“multiplicative renormalizability” ).

» More precisely: If X(a) =3, a"x,, the x; should generate a sub Hopf algebra
(i.e. be closed under coproduct).
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Sub Hopf algebras from combinatorial DSEs

Theorem ([Foissy 2008])

Let X(a) = axq + a®x, + .... Then, the Dyson-Schwinger equation X = 1 + aB. [f[X]]
generates a sub Hopf algebra in exactly two cases:

1. X=1+aB; [X”W] for w € R, and then
AX(a) = X" (a) ® ",
n=0
2. or X =1+ aB, [eX71], in which case

AX(a) =X(a) @1+ XD @a"x,.

n=1

All physically known DSEs fall into the first case, with w small positive or negative integers
(or maybe half-integers).
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The exponential DSE, order 0
X(a) =1+ aBy (ex(a)*l)
» Series solution starts with
» Exponential:

» Coproduct:

AX=1x1+...
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The exponential DSE, order 1

X(a) =1+ aBy (ex(a)*l)

» Series solution starts with
X=14+ea+...
» Exponential:
X l=e"t =1+1ea+...
» Coproduct:

AX=1Q1+e a1 +alRe+...
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The exponential DSE, order 2
X(a) =1+ aBy (ex(o‘)_l)

» Series solution starts with
X=1+ea+ Ia2+...

» Exponential:
X—-1 1 2
e :1—|—oa+<:+200)a +...

» Coproduct:

AX=X@l+a(l+ae+...)RQe
+a*(1+..)® 3 +...
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The exponential DSE, Order 4
X(a) =1+ aBy (ex((’)_l)

» Series solution starts with

1 1 1
_ 2 < 3 1 < 4
X=14ea+ Ja +<} +2,A,)a +<§ A TN JI\)“ +..
» Exponential:
X_1 1 2 1 1 3
e =1+ e+ I+§ooa+ §+§A +OI+6000a+,,,
» Coproduct:
AX:X®11+a<]l+ao+a2<I +;..>+a3<§ +%A +.I +é.u>>®o
+a2(]1+2ao+a2(2z+00>)®I+a3(]l+3a0)®E—b—oﬁ(}]l—o—%o)@j\.—i-...

272
=X@1+ X T@ax + X V@a’o+ X Dgadxg+...
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Polynomial DSEs

X(a) =1+ aB; [X'”’H(a)}
» w = 0 (linear DSE) leads to ladder trees (rainbow Feynman graphs)
X(@)=1+ae+a® +a3§ +...:Za” :}n
n=0 d

» w = —1is a trivial-non-recursive DSE: X(a) = 1 + aB4+(1) = 1 + «e. Physically, this
gives just the kernel graph e, without inserting anything

» w = —2 means inserting ﬁ This is for propagator corrections (i.e. inserting geometric
series). For w = —2, X(«) is the sum of all rooted trees.

» Any w that is not an integer > —1 leads to a sum of all rooted trees with some weighting.
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Renormalization group equation for polynomial DSE
» Consider the Feynman rules at a shifted energy scale L 4 9,

FrIX|(8 + L) = e THD[X] = (e« e71) [X] = m(Fr(0) ® Fr(L))ALX]

» Compute derivative w.r.t. § at the point § = 0, obtain differential equation.
» Use known coproduct A[X] for DSE solutions.
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Renormalization group equation for polynomial DSE
» Consider the Feynman rules at a shifted energy scale L 4 9,

FrIX|(8 + L) = e THD[X] = (e« e71) [X] = m(Fr(0) ® Fr(L))ALX]

» Compute derivative w.r.t. § at the point § = 0, obtain differential equation.
» Use known coproduct A[X] for DSE solutions.
» Encounter running coupling &(L) = aGf(a, L). Introduce renormalization group functions

v(a) := 9 Gr(a, L) Lo’ B(a) = dra(a, L) o= way(a).
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Renormalization group equation for polynomial DSE
» Consider the Feynman rules at a shifted energy scale L 4 9,
FrIX|(6+ L) = e OHD[X] = (77" x &) [X] = m( Fr(6) © Fr(L) ) AIX]

» Compute derivative w.r.t. § at the point § = 0, obtain differential equation.
» Use known coproduct A[X] for DSE solutions.

» Encounter running coupling &(L) = aGf(a, L). Introduce renormalization group functions

v(a) := 9 Gr(a, L) Lo’ B(a) = dra(a, L) o= way(a).

» Find Callan-Symanzik equation [Callan 1970; Symanzik 1970], define D = (1 + wady)

01 Gr(a, L) = (v(a) + B() - 84)Gr(a, L) = v(a)DGr (o, L).
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Renormalization group equation for polynomial DSE
» Consider the Feynman rules at a shifted energy scale L 4 9,

FrIX|(8 + L) = e THD[X] = (e« e71) [X] = m(Fr(0) ® Fr(L))ALX]

» Compute derivative w.r.t. § at the point § = 0, obtain differential equation.
Use known coproduct A[X] for DSE solutions.
» Encounter running coupling &(L) = aGf(a, L). Introduce renormalization group functions

v

v(a) := 0L Gr(a, L) 1o’ Bla) = 0ré(a, L) o~ wary(a).
» Find Callan-Symanzik equation [Callan 1970; Symanzik 1970], define D = (1 + wady)
aL GR(OZ, L) = (V(a) + B(Oé) : aoz)GR(av L) = W(a)DGR(OQ L)

> Expand Gr(a, L) =11+ 3 ;7j(a)l/, then

@) =1(0),  (a) = 1r(@)Dy1(a).

Details e.g. [Bergbauer and Kreimer 2006].
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Exponential DSE vs polynomial DSE
» DSE
X =1+ aB (X*)
» running coupling
Bla) = wary(a)
» Callan-Symanzik equation

916r(a, L) = (v(a) + (@) - 9a) Gr(a, L)

& = aGg,

» Expansion functions, D = (1+ wad,)

1
M= VK= E')’D'kal

» DSE
X =1+aB,(eX")
» running coupling

& = aer L

Bla) = ay(a)
» “Callan-Symanzik equation”
OLGr(a, L) = v(a) + B(@)0a Gr(a, L).
(May consider Y := e®® = eQg [Foissy 2008])

» Expansion functions, D = ad,

1
M=% Y= ;va_l
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0000000000000 000000e
Summary so far

» A Dyson-Schwinger equation is a mathematical formalization of the “quantum principle”.
For us, its validity is an axiom.

» Consistent multiplicative renormalization requires that the solution of the DSE generates a
sub Hopf algebra. Another axiom.

» This leaves two possible forms of DSE
X=1+aB (X)), or X=1+aB,(eX1).

» They lead to slightly different renormalization group equations, operator either
D=1+4+wad, or D= ad,. Inboth cases

1
M= W= ;vak_l

for the expansion

Gr(a,L)=1+ Z’yn(a)L”.
n=1
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Differential equation for single insertion
900000000000 0000000

B. as integral operator

» Developed over 25 years Broadhurst and Kreimer 2000; Broadhurst and Kreimer 2001; Kreimer and
Yeats 2006; Kreimer 2008; Yeats 2008; Yeats 2011; Kreimer and Panzer 2013; Balduf 2024.

» Recall By means “insertion of subgraphs”. B! (7) is a Feynman integral of the primitive
graph I', where a subgraph ~ has been inserted.

» E.g. concretely for insertion of « into 1-loop multiedge T = O

HCIOICENES S S b & G5 )
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Differential equation for single insertion
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B, as
>

>

integral operator

Developed over 25 years Broadhurst and Kreimer 2000; Broadhurst and Kreimer 2001; Kreimer and
Yeats 2006; Kreimer 2008; Yeats 2008; Yeats 2011; Kreimer and Panzer 2013; Balduf 2024.

Recall By means ‘“insertion of subgraphs’. B! (v) is a Feynman integral of the primitive
graph I', where a subgraph ~ has been inserted.

E.g. concretely for insertion of v into 1-loop multiedge I = O

HCOICENES S S “Dklz B10)

Fr[v](k?) is proportional to (k?)~%. Inserting ~ is equivalent to changing the power of
k? in the integral.

Integral where edges have arbitrary propagator powers, Mellin transform Fr(p) =", crp”

FIBUF=DD|(L) = ~Frb1(0,)e Fr(p)

p=0
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Differential equation for single insertion
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Mellin transform of the 1-loop multiedge

1—p2
r— —O—
I-m

» Mellin transform ~ Feynman integral F['] in analytic regularization, propagator powers
Ve = 1 — pe, evaluated at p?> = sy. Leave out all inessential prefactors

D p —%
FI(s) / (;’W)"D = )11 . ((p+k) = / das / dap a” (31<+ a;) )

(=2 +2-3)T (3 -1+p)7 (3 —1+pz)

=: F ,P2).
F(D =24 p1 4 p2)[ (1 — p1)[ (1 — p2) mw (p1; p2)
» Insert only into e; (set p» = 0). Evaluate at D =4 or D = 6.
-1 1
p7 ‘ PN F (1) p,o ‘ = .
? pL+p) ol Ol = ST+ @+ 9)G + )
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Differential equation for single insertion
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Mellin transform of the 1-loop multiedge

1—p2
r— —O—
I-m

» Mellin transform ~ Feynman integral F['] in analytic regularization, propagator powers
Ve = 1 — pe, evaluated at p?> = sy. Leave out all inessential prefactors

D p —%
FI(s) / (;’W)"D = )11 . ((p+k) = / das / dap a” (31<+ a;) )

(=2 +2-3)T (3 -1+p)7 (3 —1+pz)

=: F ,P2).
F(D =24 p1 4 p2)[ (1 — p1)[ (1 — p2) mw (p1; p2)
» Insert only into e; (set p» = 0). Evaluate at D =4 or D = 6.
-1 1
p7 ‘ PN F (1) p,o ‘ = .
? pL+p) ol Ol = ST+ @+ 9)G + )
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From combinatorial DSE to differential equation in 4 steps

1. Kinematic renormalization (MOM) amounts to subtraction at L = 0, therefore

Fr [BLO)](L) = ~Fr111(0,) (e ~ 1) Fe(p)

p=0
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From combinatorial DSE to differential equation in 4 steps

1. Kinematic renormalization (MOM) amounts to subtraction at L = 0, therefore

Fr [BLO)](L) = ~Fr111(0,) (e ~ 1) Fe(p)

p=0

2. Use this in DSE Fr[X] =1+ aFg [Bi[X™]]

Gr(0,1) = 1= a(GE™(0.0,)eF(p) = GE™(@.0,)F(0))| . ()
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From combinatorial DSE to differential equation in 4 steps

1. Kinematic renormalization (MOM) amounts to subtraction at L = 0, therefore

Fr [BLO)](L) = ~Fr111(0,) (e ~ 1) Fe(p)

p=0
2. Use this in DSE Fr[X] =1+ aFg [Bi[X™]]
GR(av L) =1- a(G712+W(a>ap)eLpF(p) - G712+W(a7 6P)F(p)) ‘p:O' (*)
3. Use Ofelt? = pkel? and therefore
e = s F(p)et = - Flp)et
F(p) F(0L)

Paul Balduf, U Oxford & PI Variations of single-kernel Dyson-Schwinger equations


https://paulbalduf.com/research

Differential equation for single insertion
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From combinatorial DSE to differential equation in 4 steps

1. Kinematic renormalization (MOM) amounts to subtraction at L = 0, therefore

Fr [BLO)](L) = ~Fr111(0,) (e ~ 1) Fe(p)

p=0

2. Use this in DSE Fr[X] =1+ aFg [Bi[X™]]

Gr(0,1) = 1= a(GE™(0.0,)eF(p) = GE™(@.0,)F(0))| . ()

3. Use Ofelt? = pkel? and therefore

1
F(0L)

eLp: i./_—(p)eLp:

F(p)

4. Apply this differential operator to both sides of the DSE (%), use Callan-Symanzik
equation 0; Gg = vDGp, extract order zero in L

-F(p)e*.
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Differential equation for single insertion
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» ODE for anomalous dimension, where D = 1 + wad,, or D = ad,, and F(p) = pF(p)

1
F(p) va(

» Can compute 100s of terms in power series solution.
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Differential equation for single insertion
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» ODE for anomalous dimension, where D = 1 + wad,, or D = ad,, and F(p) = pF(p)

1
F(p) va(

» Can compute 100s of terms in power series solution.

» E.g. Multiedge in 4D F(p) = for w = -2

—1
p(1+p)
(1+79(1 - 2a0,))y = « = (@) = a+ a® + 4a® + 27a* + 2480° + . ..

» Unless w = —1 or w = 0, series is divergent.
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Differential equation for single insertion
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» ODE for anomalous dimension, where D = 1 + wad,, or D = ad,, and F(p) = pF(p)

1
F(p) va(

» Can compute 100s of terms in power series solution.

» E.g. Multiedge in 4D F(p) = for w = -2

—1
p(1+p)
(1+79(1 - 2a0,))y = « = (@) = a+ a® + 4a® + 27a* + 2480° + . ..

» Unless w = —1 or w = 0, series is divergent.
» Exponential DSE: Series solution of v = o — ayy’ is known as [OEIS A088716]

v(a) = a — a® 4 30 — 14a* 4 85a° — 621a° + 52360 F ... = Z cpa”
n
e~ S (=)™ (n+1)(1+0(n7h)).

Stokes constant S ~ 0.21795. . ..
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Differential equation for single insertion
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Transseries approach to asymptotics

» Have perturbative solution of ODE,

oo

v(a) =: Z cna”,

n=1
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Differential equation for single insertion
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Transseries approach to asymptotics

» Have perturbative solution of ODE,

oo
v(a) =: Z cna”,
n=1
» Ansatz for non-perturbative part [Borinsky, Dunne, and Meynig 2021; Borinsky and Dunne 2020]
A
AnOmPert () = (W) exp((w)) (1 + bD(w)a + b (w)a? + .. )
«

> Insert y(a) = 7P () + """ P () into ODE, for 4D model
(1 +v(a)(1 + wady))y(a) = a.

» Expand in powers of 4"°"Pe"t(). Obtain equations for parameters of 4"°"Pe"t (),
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Differential equation for single insertion
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Transseries parameters for 4D model

\ depending on w, 4D model

» Insert ansatz :
non-pert 1(w) Aw) (1) 2) 2
P (o) = oM exp| —= <1+b (w)a + b'(w)a +)
«

» Find parameters as functions of w

1 342w 1+ w)(1+3w
W)= plw) =~ L2 ) = %
2 (1 4+ w)(1+ 5w+ 3w? — 5ud) y
bl )(W) — 5 ’ ‘
@ () = (LT WL +5w —4w? — 20w® + 45w + 81w?)
(W)* 6w3 s PR ‘ ‘

» Corresponding asymptotic growth:

) - b (w
C,,NS(W)-(_)\(lw))n-r(n—u(w))<1—|—/2()1)()—}—...)
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Differential equation for single insertion
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Stokes constant for 4D model

> Stokes constant S(w) in ¢, ~ S(w) - —x(wyy - F(n - u(w))(l +...)
Determined numerically from series coefficients [Balduf 2024]
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Differential equation for single insertion
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Stokes constant for 4D model

> Stokes constant S(w) in ¢, ~ S(w) - —x(wyy - F(n - u(w))(l +...)
Determined numerically from series coefficients [Balduf 2024]

Stokes constant depending on w, 4D model
S

: : oW

» Note smooth limit S — 0 as w — 0" to linear DSE, divergence w — 0.
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Differential equation for single insertion
0000000 e00000000000

Resummation of 4D model

» How can we understand this?
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Differential equation for single insertion
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Resummation of 4D model

» How can we understand this?

» Perturbative “solution” is asymptotic power series = is not a “solution” in the physical
sense, gives no finite prediction.
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Differential equation for single insertion
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Resummation of 4D model

» How can we understand this?

» Perturbative “solution” is asymptotic power series = is not a “solution” in the physical
sense, gives no finite prediction.

» ODE is of first order, has 1 free boundary condition
(1 +v(a)(1 + wada))y(e) = a.

» Note that 9,7 = m(a —~ —~?) is singular at the origin.

» More details and systematic resummation in [Borinsky and Dunne 2020; Borinsky, Dunne, and
Meynig 2021; Borinsky and Broadhurst 2022].
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Analytic solutions of 4D model

Anomalous Dimension, 4D model
y@)
0.4

0.2

06 -04  -02

-0.6

X =1+ aB X" v+ 71+ wady)y =«
» For w = —1, the DSE is not even recursive. Kernel graph is exact solution, v(a) = c.

» For w = 0, algebraic equation instead of ODE, exact solution v = 7%40"1 (red line).
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Differential equation for single insertion
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Asymptotic series solution for w = —2
Anomalous Dimension, 4D model
014?

6 perturbative orders for w=-2

0.2

» For w = —2, (divergent) perturbative series starts with
Y(a) = a+ a? + 4a + 27a* + 248a° + 2830a8.

> “Physical” domain for this model is v < 0 since we used X =1+ aB; [X1™].
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Differential equation for single insertion
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Resummed solution for w = —2

Anomalous Dimension, 4D model

» Resummed exact solution from [Broadhurst and Kreimer 2001].
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Differential equation for single insertion
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Numerical solutions for w = —2

Anomalous Dimension, 4D model
0 y@)

» Notable qualitative difference between o > 0 (all solutions exponential small as o — 0)
and « < 0 (exponentially large).

» Linear DSE solution (red curve) is locus of vanishing derivative of () [Yeats 2008].
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Numerical solutions for w = —1 (trivial DSE)

Anomalous Dimension, 4D model

04

» Physically, the solution at w = —1 is unique: y(a) = a.
» The ODE has many other solutions. They look qualitatively similar to other w.

» Again, linear solution gives locus of 0,7 = 0.
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Numerical solutions close to w =0

Anomalous Dimension, 4D model Anomalous Dimension, 4D model

(@)
014"

\\':L()Al

0.2

» Recall exotic behavior of Stokes constant near w = 0.

» Again, linear solution w = 0 gives locus of J,v = 0.

» Crossing w = 0, the slope “flips” = qualitative change of resurgence functions.
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Differential equation for single insertion
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Numerical solutions for w = +1

Anomalous Dimension, 4D model

~0.6 ol || -0 2 0.4

» w = +1 would be a vertex DSE, physical at a > 0.

» Now, solutions at o < 0 are exponentially small for « — 0.
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Numerical solutions for exponential DSE

Anomalous Dimension, 4D model

(@)
4

Anomalous Dimension, 4D model

(@)
).4

, '
exponential DSE

w=0.1

» Recall ODE is v + yad,y = « instead of v+ (1 + wad, )y = a.
» Resembles w > 0 case, but not equal to any w.

» Locus of d,7 = 0 no longer given by linear DSE (red), but by trivial DSE (green).
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Transseries parameters for 6D model

» Linearizing in 4"°"P"(q) results in polynomial equation, degree equals degree of ODE.

» 4D-model: First order ODE = unique transseries parameters (as functions of w)
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Differential equation for single insertion
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Transseries parameters for 6D model

4
>
4

Linearizing in y"°"Pe" () results in polynomial equation, degree equals degree of ODE.
4D-model: First order ODE = unique transseries parameters (as functions of w)
6D-model: 3'-order ODE

B+ v(1 4+ wada))(2 4+ (1 + wady))(1+ (1 + wady))y = —a.

3 distinct sets of solutions as functions of w [Balduf 2023]

- 6 12 18 . 35+29w  5+4+2w 15+ 13w
(52 2). - (E g )

w ow ow 6w 3w 2w
) 275+ 267w — 8w? —265 — 624w — 350> —85 — 241w — 156w
b w) = 6-62w 3.62w ’ 2-6°w '

Fluctuations b(%) around leading instanton (largest \) are subleading corrections to
perturbative asymptotics.
Exponentials don't directly correspond to a full non-perturbative solution due to

resonance: The X\ are always integer multiples of each other.
Analyzed in [Borinsky, Dunne, and Meynig 2021; Borinsky and Broadhurst 2022].
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A simplified toy model that isn't simpler

» Rational Mellin transform appears to be coincidence for the 1-loop single-insertion
massless multiedges.

» Consider Kreimer's toy model [Connes and Kreimer 1999; Panzer 2012]

€

0.

]—'[B+[t]] (s) = / dx
0
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A simplified toy model that isn't simpler

» Rational Mellin transform appears to be coincidence for the 1-loop single-insertion

massless multiedges.

» Consider Kreimer's toy model [Connes and Kreimer 1999; Panzer 2012]

» Mellin transform

= [d
/ Xx+1
0

Fleudd)s) = [ a2 Al
0
Tsin(mp) T p P\ & 6" 360"
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A simplified toy model that isn't simpler

» Rational Mellin transform appears to be coincidence for the 1-loop single-insertion
massless multiedges.

» Consider Kreimer's toy model [Connes and Kreimer 1999; Panzer 2012]

oo

B+[t] /dx

0

S7 1t (x).

» Mellin transform

/ xP -7 1 = p*" 1 72 g

= [ dx = — = ——exp == —p—==p F....
x+1 sin(7p) p - n p

0 n=

» Same DSE as always, X = 1+ aB, [X'*"]. ODE is a pseudo differential equation

sin(mu) (@) = —a
wu u—y(1+wady) '
» Empirically: p(w) = —2t%, Stokes constant S(—2) = Z, some other values [Balduf 2023].
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Conclusions for single-insertion DSEs

» Whenever we know the Mellin transform of the kernel graph, we can immediately write

down a pseudo differential equation that determines ~v(«) perturbatively (in the MOM
scheme) [Balduf 2024].

» Have exact solutions for 4D model for the some choices w, among them the physically
relevant w = —2 [Broadhurst and Kreimer 2001; Yeats 2008].

» Excellent understanding of the resurgence behavior for the 4D and 6D models
[Borinsky, Dunne, and Meynig 2021; Borinsky and Dunne 2020; Borinsky and Broadhurst 2022].
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Conclusions for single-insertion DSEs

» Whenever we know the Mellin transform of the kernel graph, we can immediately write
down a pseudo differential equation that determines ~v(«) perturbatively (in the MOM
scheme) [Balduf 2024].

» Have exact solutions for 4D model for the some choices w, among them the physically
relevant w = —2 [Broadhurst and Kreimer 2001; Yeats 2008].

» Excellent understanding of the resurgence behavior for the 4D and 6D models
[Borinsky, Dunne, and Meynig 2021; Borinsky and Dunne 2020; Borinsky and Broadhurst 2022].
» Variations:
» Changing the parameter w changes numerical values of resurgence parameters e.g. location
and nature of Borel poles, ...
» Parameters are discontinuous when crossing w = 0, otherwise fairly smooth.
» Changing the kernel Feynman rules changes the ODE, non-rational case makes systematic
analysis harder, but has only little influence on factorial growth of asymptotic series (?)
» Exponential DSE behaves qualitatively similar to positive w case.
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Multiple insertion places
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Multiple insertion places

» Consider a single kernel, but E > 1 distinct insertion places. The DSE is then
[Kreimer and Yeats 2006; Yeats 2008; Nabergall 2022; Olson-Harris 2024]

7((1) =1+ O[GlJrWl(Oé, apl) e G1+WE(av aPE)'E(pla v 7pE) -‘—6'

» In the combinatorial DSE, one needs to distinguish the places (i.e. use B} with multiple
arguments) [Olson-Harris 2024].
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Multiple insertion places
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Multiple insertion places

» Consider a single kernel, but E > 1 distinct insertion places. The DSE is then
[Kreimer and Yeats 2006; Yeats 2008; Nabergall 2022; Olson-Harris 2024]

7((1) =1+ O[GlJrWl(Oé, 801) e G1+WE(av aPE)'E(pla v 7pE) -‘—6'

» In the combinatorial DSE, one needs to distinguish the places (i.e. use B} with multiple
arguments) [Olson-Harris 2024].

» No longer possible to write explicit ODE for v(a), but can use v, = £v(a)Dyk—1(c):

1 k _ _Ly(e)D _
o L*(v(a)D)" =€ =1+ ) ().

hE

Gro, L) =1+ w(@)lF =1+
k=1

x
Il

1

(Recal D=14 wad, or D= ad,)
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Example: Insertion into E = 2 places

Gl+w2

Gr=14+a(1-R —.<Gl+w1>.—

» Series expansion of Mellin transform

(p1+ p2) - Fp1, p2) = F(p1, p2) Z Z Forme P P2

np= 0I‘l2 0

» Expand all series to obtain ODE explicitly:

97D _ 1 €9 7P _ 1 =
y=1—-«a <1 + T’y(ﬂ)) <1 + T"/(“)) F(p)

1 1 -
=1- a(l + 70, + 571)78; +.. ) <1 +70,, + Eymaﬁz +.. > F(p1,p2)

=1—afyo+a(for+ fio)y +alho+ fo2)Dy + afi1y’ + a(fo+ fs)VDyDy + a(for + i)y’ Dy + O(v*)

» This gives an ODE, but not necessarily the best one (consider example F(p) = ﬁ)
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Multiple insertion places
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Double insertion asymptotics

» Growth encoded by quantity P(«) := 1 + 272 = v — yD~.
[Yeats 2008; van Baalen et al. 2009; van Baalen et al. 2010]
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Multiple insertion places
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Double insertion asymptotics

» Growth encoded by quantity P(«) := 1 + 272 = v — yD~.
[Yeats 2008; van Baalen et al. 2009; van Baalen et al. 2010]

» Extensive work on the double insertion DSE, approximate differential equations, and Borel
plane formulations [Bellon and Schaposnik 2008; Bellon 2010a; Bellon 2010b; Bellon and Schaposnik
2013; Bellon and Clavier 2014; Bellon and Clavier 2015; Bellon and Clavier 2017; Bellon and Russo 2021a;
Bellon and Russo 2021b]
Idea: Formally

e E(p)| = FOID).

» Then do partial fraction decomposition, introduce auxiliary power series for

ﬁ = 3°(%4D)", truncate after leading poles of F(p1, p2,...), obtain coupled ODEs.

» For double insertion in 4D (Wess-Zumino model), wy = wy = —2:
2
Cph ~ 5 . (3)”r<n+ 3>

(compare single insertion w = —2 has (—2)"I'(n+ 1), and w = —3 has (=3)"I(n +1)).
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Multiple insertion places
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Asymptotic growth parameters of double insertion DSE

e A Lowy (vlawy
Shift p in F@m-p), 4D model insertion G*™G Shift p in F@-p), 4D model insertion G**"1 G+

5

Wy

» Setting w; = —1 means “no insertion here”, reproduces single-insertion case.

» Function looks fairly smooth except for w = 0
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Multiple insertion places
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Asymptotic growth parameters of double insertion DSE

N in (10" T@-p), 4D model insertion G'*"1G"*"2

5
A in (-1/0)"rm-p), 4D model insertion Gl Gl

0.4

B =
0.2 ’
0.0
-10

- 0
5 -10
-10
w
» Setting w; = —1 means “no insertion here”, reproduces single-insertion case.

» Again, case w; = 0 is regular unless w; = w, = 0.

Paul Balduf, U A Variations of —kernel Dyson-Schwinger equations


https://paulbalduf.com/research

Multiple insertion places
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Conclusion for multiple insertion places

» Can still obtain ODE, but defined “implicitly”.

» Systematic analysis requires study of poles of Mellin transform, partial results exist, but far
less systematic than 4D and 6D model single insertion.

» Numerically, growth parameters change mildly when second insertion is included.

» Non-smooth behavior near w; = 0 or w; = —1.
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Renormalization schemes
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Renormalization schemes

» Recall the counter term Sf [X] := RFS[X].
» A renormalization scheme is a choice of renormalization operator R such that
» The Rota-Baxter equation is fulfilled,

R(F(x)g(x)) + RIFENR(g(x)) = R(R(F(x)g(x)) + R(F(R(g(x))),

» and for every primitive graph I, the renormalized Feynman rules (id —R)F[[](L) are finite.
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Renormalization schemes

» Recall the counter term Sf [X] := RFS[X].
» A renormalization scheme is a choice of renormalization operator R such that
» The Rota-Baxter equation is fulfilled,

R(F(x)g(x)) + RIFENR(g(x)) = R(R(F(x)g(x)) + R(F(R(g(x))),

» and for every primitive graph I, the renormalized Feynman rules (id —R)F[[](L) are finite.
» Most notably, Kinematic renormalization (MOM) amounts to setting R := F(X)(L = 0)
for all X # 1, such that Fr(X)(L=0) = 11.
» When working in a regularization scheme that has a regulator ¢, such that for primitive
divergent graphs F[X] has a pole in ¢, then Minimal subtraction (MS) is defined as
projection to pole parts, R’ := F(X)|only pole terms in e-
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A more algebraic perspective

» Let R be kinematic renormalization, i.e. evaluation at L = 0.
By definition Fr[X](L =0) =0 unless X = 1.

» Let R’ be any renormalization scheme. Define 7 : H — R as “extraction of the value at
L =20", namely

T[X]I]:R/[X](L:O):RO}—R/[X], 7'[]].]:1

» Non-kinematic renormalized Feynman rules are still multiplicative with respect to graph
products, Fr/[X1 - X2](L) = Fr:[X1](L) - Fr/[X2](L) (follows from Rota-Baxter).

» T is a character, because Fr/ is. T and o together determine Fgr/:
Fr[X]|(L) = % e*t9[X].
» Hence, no longer x-multiplicative under change of scale:

Fre[X](L1 + L2) = (Fr/(L1) * Fr(L2))[X] # (Fr/(L1) * Fr/(L2))[X].
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Properties of MOM and MS

2
» Consider DimReg in both cases for easy comparison, L = In ‘S’—O as always.

» In MOM with renormalization point L =0
» Gr(a,e,L =0)=1. (for all €)
» y(a) =0Gr(a,¢, L)‘L:O' similar for (.
» [(a,€) and y(a, €) depend on e
» In MS:
» Counter terms are only poles in €, no finite parts.
» B'(a,€) = B(a) and 7' (a, €) = y(a) (for all €)
» Gr(a,e,L =0)=(c,¢) a priori unknown
» The first coefficients of v and ' agree, analogous for 3 and ', leading counter term pole,
leading log coefficient (all these quantities are determined by period of the kernel graph).
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Choosing the right definition of the renormalization group functions

In MOM, the renormalization group functions 5(a) and () simultaneously satisfy:
They are the L-derivative of Gg or Qg at L = 0.

They are the coefficients in the Callan-Symanzik equation.

If @ = GJ in the DSE, then 8 = way.

The beta function is the derivative of the renormalized coupling a(cp) with respect to the
reference scale sp at fixed ag.

e

5. The Z-factors are integrals of the renormalization group functions, or equivalently, 8 and
~ are derivatives of the Z-factors.
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Choosing the right definition of the renormalization group functions

In MS, the renormalization group functions S(«) and ~y(«) simultaneously satisfy:
T Lderivativeof-C . Lo

They are the coefficients in the Callan-Symanzik equation.

If Q = Gg in the DSE, then g = way.

The beta function is the derivative of the renormalized coupling a(cg) with respect to the
reference scale sp at fixed ay.

o=

5. The Z-factors are integrals of the renormalization group functions, or equivalently 8 and ~
are derivatives of the Z-factors.

= Define 8 and ~ from the Z-factors to get consistent properties in all schemes. In DimReg,
this produces y(a, €), finite as € — 0.
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Definition

In dimensional regularization, and for all renormalization schemes, the e-dependent

renormalization group functions are defined as derivatives of the counterterms Z:
—€

Flo €)= 0o In(a - Zy (v, €)) tac

Y (ay€) = —(B(a,€) — ae)dy In Z (v, €).

» These functions satisfy, in all renormalization schemes and also for € # 0,

0

aGR(a, e, L) = (7(04, €) + (B(a,€) — ae)i) Gr(aye, L).
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Renormalization schemes for DSE solutions

» We have two power series:

1. Anomalous dimension 7. In MOM, conicides with infinitesimal Feynman rule
O’(GR) = 8LGR’L:O = 71(0&, 6).
2. Evaluation 7(Gr) = GR}L:O = o(a, €). In MOM, is constant unity.

71(057 6) = ’Y(o‘? 6)D’YO(O‘7 6)‘
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Renormalization schemes for DSE solutions

» We have two power series:
1. Anomalous dimension 7. In MOM, conicides with infinitesimal Feynman rule

O’(GR) = 8LGR’L:O = 71(0&, 6).
2. Evaluation 7(Gr) = GR}L:O = o(a, €). In MOM, is constant unity.
71(a, €) = v(e, €)Do(ex, €).

» Conceptually, the DSE is a complicated relation between these two functions.
A renormalization scheme is an (arbitrary) choice of either one of these power series.
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Renormalization schemes for DSE solutions

» We have two power series:

1. Anomalous dimension 7. In MOM, conicides with infinitesimal Feynman rule
O’(GR) = 8LGR’L:O = 71(0&, 6).
2. Evaluation 7(Gr) = GR}L:O = o(a, €). In MOM, is constant unity.

71(057 6) = ’Y(o‘v 6)D'YO(O‘7 6)‘

» Conceptually, the DSE is a complicated relation between these two functions.
A renormalization scheme is an (arbitrary) choice of either one of these power series.

» Instead of vo(, €), can equivalently use §(c, €) defined as 7 = exp*(do). Is a shift of L:
fR/(L) — % e*(rL _ e*éa * e|*Lo' _ e*(LJré)a'

» Thm: In perturbation theory, any renormalization scheme coincides with MOM, where the
renormalization point is not L = 0 but L = —§(«, €) [Balduf 2023].
(This is only guaranteed to work if the RGE holds.)
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Shifted RGE functions

» “Hopf-algebraic” equations are perfectly concrete: Let v be anomalous dimension in
MOM, and 7/ in another scheme, related by shift §, then [Balduf 2023]

m(@) (@)
7"0(a) + wadayg(@)’ ()

Y (a) = =1+ wy(a)ad,d(a).
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Shifted RGE functions

» “Hopf-algebraic” equations are perfectly concrete: Let v be anomalous dimension in
MOM, and 7/ in another scheme, related by shift §, then [Balduf 2023]

(@) (@)

”W”:vwwy+mwﬁa®’ ym)=1+wwam%a@.

» In particular: solutions of linear DSEs

» have the same anomalous dimension in all schemes at e = 0
» are multiplied with an overall L-independent function ~yo(c) where
¥ (e, €) = Y €) + eda Inyo(a €).

» MS-scheme: 7/(c, €) = v(a) independent of ¢ = can infer [¢"]v)(, €) of MS from
[e']v(a, €) of MOM

> Exact solution of linear DSE in MS in 4D model, where v = 1(v/1 + 4a — 1) [Balduf 2024]

‘@)=Y 1 _ L Cte)) _
In'yO(a)fIna 4In(l+4cu) 2vve +In rasy) 0(a) = 5
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Nonlinear 4D model in MS

» No exact solution known in MS for nonlinear DSE w # 0.

» Can compute shift function § = Zﬁo djcd to order ~ 30. E.g. for 4D model, w = —2

5(&)2—2—%@—%012— (?—;CQ))OP—....
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Nonlinear 4D model in MS

» No exact solution known in MS for nonlinear DSE w # 0.

» Can compute shift function § = Zﬁo djcd to order ~ 30. E.g. for 4D model, w = —2

5(&)2—2—%@—%012— <9;—;§(3)>a3—....

» Find empirically
dn ~wS(w) - (=w)"-T(n— p(w) —1).

Here, S(w), u(w) are the same coefficients as for anomalous dimension y(«), i.e. :—f; ~ 1.

» Can determine many more parameters [Balduf 2024], upshot: /(«) in MS, or equivalently
shift of renormalization point §(«), are asymptotic power series very similar to y(«) in
MOM.
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Double insertion DSE in MS vs MOM

Shift p in Fm-p), 4D model G*"1G**"2, MOM

Shift p in Fm-p), 4D model G*"1G'*™2, MS

-10
-10

» Shown is the asymptotic growth of the function ~;(«) in both schemes.
» Similar shape, but not identical numerical values.

Paul Balduf, U Oxford & PI

Variations of single-kernel Dyson-Schwinger equations


https://paulbalduf.com/research

Conclusion
@00

Conclusion 1:
What have we learned in the 25 years since [Broadhurst and Kreimer 1999]7?

» [Broadhurst and Kreimer 2001] gave the exact solution for single insertion D = 4.
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Conclusion 1:
What have we learned in the 25 years since [Broadhurst and Kreimer 1999]7?

» [Broadhurst and Kreimer 2001] gave the exact solution for single insertion D = 4.

» For uncoupled DSEs, only two types are physically sensible:
X=1+aB, (X)) or X=1+aB,(eX1).
» Exponential DSE has received little attention so far.
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Conclusion 1:
What have we learned in the 25 years since [Broadhurst and Kreimer 1999]7?

» [Broadhurst and Kreimer 2001] gave the exact solution for single insertion D = 4.
» For uncoupled DSEs, only two types are physically sensible:
X=1+aB, (X)) or X=1+aB,(eX1).
» Exponential DSE has received little attention so far.
» The linear DSE, w = 0, can be solved exactly both in MOM and MS.

» The perturbative solution in MOM for e = 0 can be computed from a (pseudo-)ODE, for
any w.

» If the Mellin transform is known, we can generate the ODE algorithmically. When
inserting into only one place, we can write the ODE down in closed form.
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Conclusion 1:
What have we learned in the 25 years since [Broadhurst and Kreimer 1999]7?

» [Broadhurst and Kreimer 2001] gave the exact solution for single insertion D = 4.
» For uncoupled DSEs, only two types are physically sensible:
X=1+aB, (X)) or X=1+aB,(eX1).
» Exponential DSE has received little attention so far.
» The linear DSE, w = 0, can be solved exactly both in MOM and MS.

» The perturbative solution in MOM for e = 0 can be computed from a (pseudo-)ODE, for
any w.

» If the Mellin transform is known, we can generate the ODE algorithmically. When
inserting into only one place, we can write the ODE down in closed form.

» Resurgence analysis and overall good understanding of the physically sensible case
w = —2 for the D = 4 and D = 6 models.
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Conclusion 2: What have we learned from the “variations”?

» Changing the exponent w in X =1+ aB; [X'™"] changes all resurgence parameters
(location and types of poles in Borel plane), but smoothly unless w = 0.

» At w =0, solution “flips sign”, discontinuity of parameters is unsurprising.
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Conclusion 2: What have we learned from the “variations”?

» Changing the exponent w in X =1+ aB; [X'™"] changes all resurgence parameters
(location and types of poles in Borel plane), but smoothly unless w = 0.

» At w =0, solution “flips sign”, discontinuity of parameters is unsurprising.

» Inserting into the second edge makes ODE much more complicated, involves ((n), ODE is
of infinite order. Still, leading resurgence parameters are mostly continuous in exponents
w1, wy and take similar values to single-insertion.
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Conclusion 2: What have we learned from the “variations”?

» Changing the exponent w in X =1+ aB; [X'™"] changes all resurgence parameters
(location and types of poles in Borel plane), but smoothly unless w = 0.

» At w =0, solution “flips sign”, discontinuity of parameters is unsurprising.

» Inserting into the second edge makes ODE much more complicated, involves ¢(n), ODE is
of infinite order. Still, leading resurgence parameters are mostly continuous in exponents
w1, wy and take similar values to single-insertion.

» Change of renormalization scheme is equivalent to shifting L — L — §(a, €). Of the two
functions y(a, €) and d(a, €), one can be chosen freely.

» The non-linear DSEs have distinct renormalization group functions in distinct schemes.
Qualitatively, MOM and MS are very similar: both divergent power series with similar
factorial growth.

» In particular, the series can not be made convergent by change of scheme.

= qualitative features of the solution (not necessarily of the methods) are relatively stable
under “variations”.
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Conclusion
[e]

Thank you!

By the way, Mastodon is a social network
like Twitter, but open-source and
with elephants instead of birds!

@ ©@paulbalduf@mathstodon.xyz

Variations of single-kernel Dyson-Schwinger equations

Paul Balduf, U Oxford & PI


https://paulbalduf.com/research

References |

Balduf, Paul-Hermann (2023). “Dyson—Schwinger Equations in Minimal Subtraction”. In: Annales de I'Institut
Henri Poincaré D. DOI: 10.4171/aihpd/169.

— (2024). Dyson-Schwinger Equations, Renormalization Conditions, and the Hopf Algebra of Perturbative
Quantum Field Theory. Springer Theses. Cham: Springer Nature Switzerland. DOI:
10.1007/978-3-031-54446-0.

Bellon, Marc P. (2010a). “An Efficient Method for the Solution of Schwinger-Dyson Equations for
Propagators”. In: Letters in Mathematical Physics 94.1, pp. 77-86. DOI: 10.1007/s11005-010-0415-3.
arXiv: 1005.0196.  arXiv: 1005.0196.

— (2010b). “Approximate Differential Equations for Renormalization Group Functions in Models Free of
Vertex Divergencies”. In: Nuclear Physics B 826.3, pp. 522-531. DOI: 10.1016/j .nuclphysb.2009.11.002.

Bellon, Marc P. and Pierre J. Clavier (2014). “Higher Order Corrections to the Asymptotic Perturbative
Solution of a Schwinger-Dyson Equation”. In: Letters in Mathematical Physics 104.6, pp. 749-770. DOI:
10.1007/s11005-014-0686-1.

— (2015). “A Schwinger—-Dyson Equation in the Borel Plane: Singularities of the Solution”. In: Letters in
Mathematical Physics 105.6, pp. 795-825. boI: 10.1007/s11005-015-0761-2. arXiv: 1411.7190
[math-ph]. arXiv: 1411.7190.

— (2017). “Alien Calculus and a Schwinger—Dyson Equation: Two-Point Function with a Nonperturbative
Mass Scale”. In: Letters in Mathematical Physics 108.2, pp. 391-412. pOI: 10.1007/s11005-017-1016-1.
arXiv: 1612.07813 [hep-th]. arXiv: 1612.07813.

Bellon, Marc P. and Enrico |. Russo (2021a). “Resurgent Analysis of Ward-Schwinger-Dyson Equations”. In:
SIGMA. Symmetry, Integrability and Geometry: Methods and Applications 17, p. 075. DOI:
10.3842/SIGMA.2021.075. arXiv: 2011.13822 [hep-th]. arXiv: 2011.13822.

— (2021b). “Ward-Schwinger—Dyson Equations in Phi3_6 Quantum Field Theory”. In: Letters in
Mathematical Physics 111.2, p. 42. DOI: 10.1007/s11005-021-01377-2.


http://dx.doi.org/10.4171/aihpd/169
https://doi.org/10.4171/aihpd/169
http://dx.doi.org/10.1007/978-3-031-54446-0
http://dx.doi.org/10.1007/978-3-031-54446-0
https://doi.org/10.1007/978-3-031-54446-0
http://dx.doi.org/10.1007/s11005-010-0415-3
http://dx.doi.org/10.1007/s11005-010-0415-3
https://doi.org/10.1007/s11005-010-0415-3
https://arxiv.org/abs/1005.0196
https://arxiv.org/abs/1005.0196
http://dx.doi.org/10.1016/j.nuclphysb.2009.11.002
http://dx.doi.org/10.1016/j.nuclphysb.2009.11.002
https://doi.org/10.1016/j.nuclphysb.2009.11.002
http://dx.doi.org/10.1007/s11005-014-0686-1
http://dx.doi.org/10.1007/s11005-014-0686-1
https://doi.org/10.1007/s11005-014-0686-1
http://dx.doi.org/10.1007/s11005-015-0761-2
https://doi.org/10.1007/s11005-015-0761-2
https://arxiv.org/abs/1411.7190
https://arxiv.org/abs/1411.7190
https://arxiv.org/abs/1411.7190
http://dx.doi.org/10.1007/s11005-017-1016-1
http://dx.doi.org/10.1007/s11005-017-1016-1
https://doi.org/10.1007/s11005-017-1016-1
https://arxiv.org/abs/1612.07813
https://arxiv.org/abs/1612.07813
http://dx.doi.org/10.3842/SIGMA.2021.075
https://doi.org/10.3842/SIGMA.2021.075
https://arxiv.org/abs/2011.13822
https://arxiv.org/abs/2011.13822
http://dx.doi.org/10.1007/s11005-021-01377-2
https://doi.org/10.1007/s11005-021-01377-2

References |l

Bellon, Marc P. and Fidel A. Schaposnik (2008). “Renormalization Group Functions for the Wess-Zumino
Model: Up to 200 Loops through Hopf Algebras”. In: Nuclear Physics B 800.3, pp. 517-526. DOI:
10.1016/j .nuclphysb.2008.02.005. arXiv: 0801.0727.  arXiv: 0801.0727.

— (2013). “Higher Loop Corrections to a Schwinger—Dyson Equation”. In: Letters in Mathematical Physics
103.8, pp. 881-893. poI: 10.1007/s11005-013-0621-x. arXiv: 1205.0022 [hep-th]. arXiv: 1205.0022.

Bergbauer, Christoph and Dirk Kreimer (2006). “Hopf Algebras in Renormalization Theory: Locality and
Dyson-Schwinger Equations from Hochschild Cohomology”. In: IRMA Lect. Math. Theor. Phys. 10,
pp. 133-164. DOI: 10.4171/028-1/4. arXiv: hep-th/0506190.  arXiv: hep-th/0506190.

Borinsky, Michael and David Broadhurst (2022). “Resonant Resurgent Asymptotics from Quantum Field
Theory”. In: Nucl. Phys. B 981, p. 115861. DOI: 10.1016/j.nuclphysb.2022.1156861. arXiv: 2202.01513
[hep-th, physics:math-ph]. arXiv: 2202.01513.

Borinsky, Michael, Gerald Dunne, and Max Meynig (2021). “Semiclassical Trans-Series from the Perturbative
Hopf-Algebraic Dyson-Schwinger Equations: ¢> QFT in 6 Dimensions”. In: Symmetry, Integrability and
Geometry: Methods and Applications 17, p. 087. DOI: 10.3842/SIGMA.2021.087. arXiv: 2104.00593
[hep-th]. arXiv: 2104.00593.

Borinsky, Michael and Gerald V. Dunne (2020). “Non-Perturbative Completion of Hopf-algebraic
Dyson-Schwinger Equations”. In: Nuclear Physics B 957, p. 115096. DOI:
10.1016/j.nuclphysb.2020.115096. arXiv: 2005.04265 [hep-th].  arXiv: 2005.04265.

Broadhurst, D. J. and D. Kreimer (1999). “Renormalization Automated by Hopf Algebra”. In: Journal of
Symbolic Computation 27.6, pp. 581-600. DOI: 10.1006/jsco.1999.0283. arXiv: hep-th/9810087.
arXiv: hep-th/9810087.

Broadhurst, David J. and Dirk Kreimer (2000). “Combinatoric Explosion of Renormalization Tamed by Hopf
Algebra: 30-Loop Pade-Borel Resummation”. In: Physics Letters B 475.1-2, pp. 63-70. DOL:
10.1016/S0370-2693(00)00051-4. arXiv: hep-th/9912093.  arXiv: hep-th/9912093.


http://dx.doi.org/10.1016/j.nuclphysb.2008.02.005
http://dx.doi.org/10.1016/j.nuclphysb.2008.02.005
https://doi.org/10.1016/j.nuclphysb.2008.02.005
https://arxiv.org/abs/0801.0727
https://arxiv.org/abs/0801.0727
http://dx.doi.org/10.1007/s11005-013-0621-x
https://doi.org/10.1007/s11005-013-0621-x
https://arxiv.org/abs/1205.0022
https://arxiv.org/abs/1205.0022
http://dx.doi.org/10.4171/028-1/4
http://dx.doi.org/10.4171/028-1/4
https://doi.org/10.4171/028-1/4
https://arxiv.org/abs/hep-th/0506190
https://arxiv.org/abs/hep-th/0506190
http://dx.doi.org/10.1016/j.nuclphysb.2022.115861
http://dx.doi.org/10.1016/j.nuclphysb.2022.115861
https://doi.org/10.1016/j.nuclphysb.2022.115861
https://arxiv.org/abs/2202.01513
https://arxiv.org/abs/2202.01513
https://arxiv.org/abs/2202.01513
http://dx.doi.org/10.3842/SIGMA.2021.087
http://dx.doi.org/10.3842/SIGMA.2021.087
https://doi.org/10.3842/SIGMA.2021.087
https://arxiv.org/abs/2104.00593
https://arxiv.org/abs/2104.00593
https://arxiv.org/abs/2104.00593
http://dx.doi.org/10.1016/j.nuclphysb.2020.115096
http://dx.doi.org/10.1016/j.nuclphysb.2020.115096
https://doi.org/10.1016/j.nuclphysb.2020.115096
https://arxiv.org/abs/2005.04265
https://arxiv.org/abs/2005.04265
http://dx.doi.org/10.1006/jsco.1999.0283
https://doi.org/10.1006/jsco.1999.0283
https://arxiv.org/abs/hep-th/9810087
https://arxiv.org/abs/hep-th/9810087
http://dx.doi.org/10.1016/S0370-2693(00)00051-4
http://dx.doi.org/10.1016/S0370-2693(00)00051-4
https://doi.org/10.1016/S0370-2693(00)00051-4
https://arxiv.org/abs/hep-th/9912093
https://arxiv.org/abs/hep-th/9912093

References 1l

Broadhurst, David J. and Dirk Kreimer (2001). “Exact Solutions of Dyson-Schwinger Equations for lterated
One-Loop Integrals and Propagator-Coupling Duality”. In: Nuclear Physics B 600.2, pp. 403-422. DOI:
10.1016/S0550-3213(01)00071-2. arXiv: hep-th/0012146.  arXiv: hep-th/0012146.

Callan, Curtis G. (1970). “Broken Scale Invariance in Scalar Field Theory”. In: Physical Review D 2.8,
pp. 1541-1547. pol: 10.1103/PhysRevD.2.1541.

Cartier, Pierre and Frédéric Patras (2021). Classical Hopf Algebras and Their Applications. Vol. 29. Algebra
and Applications. Cham: Springer International Publishing. DOI: 10.1007/978-3-030-77845-3.

Connes, A. and D. Kreimer (1999). “Hopf Algebras, Renormalization and Noncommutative Geometry” . In:
Quantum Field Theory: Perspective and Prospective. Ed. by Cécile DeWitt-Morette and
Jean-Bernard Zuber. NATO Science Series. Dordrecht: Springer Netherlands, pp. 59-109. DOI:
10.1007/978-94-011-4542-8_4.

Foissy, Loic (2008). “Faa Di Bruno Subalgebras of the Hopf Algebra of Planar Trees from Combinatorial
Dyson—Schwinger Equations”. In: Advances in Mathematics 218.1, pp. 136-162. DOI:
10.1016/j.aim.2007.12.003. arXiv: 0707 .1204. arXiv: 0707.1204.

Kreimer, Dirk (2008). “Etude for Linear Dyson—Schwinger Equations”. In: Traces in Number Theory, Geometry
and Quantum Fields. Aspects of Mathematics E38. Wiesbaden: Vieweg Verlag, pp. 155-160. URL:
http://preprints.ihes.fr/2006/P/P-06-23.pdf.

Kreimer, Dirk and Erik Panzer (2013). “Renormalization and Mellin Transforms”. In: Computer Algebra in
Quantum Field Theory, Texts & Monographs in Symbolic Computation, pp. 195-223. DOTI:
10.1007/978-3-7091-1616-6_8. arXiv: 1207.6321.  arXiv: 1207.6321.

Kreimer, Dirk and Karen Yeats (2006). “An Etude in Non-Linear Dyson—-Schwinger Equations”. In: Nuclear
Physics B - Proceedings Supplements. Proceedings of the 8th DESY Workshop on Elementary Particle
Theory 160, pp. 116-121. pDOI: 10.1016/j.nuclphysbps.2006.09.036.


http://dx.doi.org/10.1016/S0550-3213(01)00071-2
http://dx.doi.org/10.1016/S0550-3213(01)00071-2
https://doi.org/10.1016/S0550-3213(01)00071-2
https://arxiv.org/abs/hep-th/0012146
https://arxiv.org/abs/hep-th/0012146
http://dx.doi.org/10.1103/PhysRevD.2.1541
https://doi.org/10.1103/PhysRevD.2.1541
http://dx.doi.org/10.1007/978-3-030-77845-3
https://doi.org/10.1007/978-3-030-77845-3
https://doi.org/10.1007/978-94-011-4542-8_4
http://dx.doi.org/10.1016/j.aim.2007.12.003
http://dx.doi.org/10.1016/j.aim.2007.12.003
https://doi.org/10.1016/j.aim.2007.12.003
https://arxiv.org/abs/0707.1204
https://arxiv.org/abs/0707.1204
http://preprints.ihes.fr/2006/P/P-06-23.pdf
http://dx.doi.org/10.1007/978-3-7091-1616-6_8
https://doi.org/10.1007/978-3-7091-1616-6_8
https://arxiv.org/abs/1207.6321
https://arxiv.org/abs/1207.6321
http://dx.doi.org/10.1016/j.nuclphysbps.2006.09.036
https://doi.org/10.1016/j.nuclphysbps.2006.09.036

References IV

Nabergall, Lukas (2022). “Enumerative Perspectives on Chord Diagrams”. PhD thesis. Waterloo, Ontario,
Canada: University of Waterloo. URL: https://uwspace.uwaterloo.ca/handle/10012/18873.

Olson-Harris, Nicholas (2024). “Some Applications of Combinatorial Hopf Algebras to Integro-Differential
Equations and Symmetric Function ldentities”. PhD thesis. Waterloo, Ontario, Canada: University of
Waterloo. 133 pp. URL: https://uwspace.uwaterloo.ca/handle/10012/20710.

Panzer, Erik (2012). “Hopf Algebraic Renormalization of Kreimer's Toy Model”. MA thesis. Berlin:
Humboldt-Universitat zu Berlin. arXiv: 1202.3552 [math.QA]. arXiv: 1202.3552.

Symanzik, Kurt (1970). “Small Distance Behaviour in Field Theory and Power Counting”. In: Communications
in Mathematical Physics 18.3, pp. 227-246. DOI: 10.1007/BF01649434.

Van Baalen, Guillaume et al. (2009). “The QED S-Function from Global Solutions to Dyson—Schwinger
Equations”. In: Annals of Physics 324.1, pp. 205-219. poI: 10.1016/j.a0p.2008.05.007. arXiv:
0805.0826 [hep-th]. arXiv: 0805.0826.

— (2010). “The QCD B-Function from Global Solutions to Dyson—-Schwinger Equations”. In: Annals of
Physics 325.2, pp. 300-324. DOI: 10.1016/j.a0p.2009.10.011. arXiv: 0906.1754 [hep-th]. arXiv:
0906.1754.

Yeats, Karen (2008). “Growth Estimates for Dyson-Schwinger Equations”. In: arXiv:0810.2249 [math-ph].
arXiv: 0810.2249 [math-ph]. arXiv: 0810.2249.

— (2011). Rearranging Dyson-Schwinger Equations. Vol. 211. Memoirs of the American Mathematical
Society 995. American Mathematical Society. boI: 10.1090/S0065-9266-2010-00612-4.


https://uwspace.uwaterloo.ca/handle/10012/18873
https://uwspace.uwaterloo.ca/handle/10012/20710
https://arxiv.org/abs/1202.3552
https://arxiv.org/abs/1202.3552
http://dx.doi.org/10.1007/BF01649434
https://doi.org/10.1007/BF01649434
http://dx.doi.org/10.1016/j.aop.2008.05.007
http://dx.doi.org/10.1016/j.aop.2008.05.007
https://doi.org/10.1016/j.aop.2008.05.007
https://arxiv.org/abs/0805.0826
https://arxiv.org/abs/0805.0826
http://dx.doi.org/10.1016/j.aop.2009.10.011
https://doi.org/10.1016/j.aop.2009.10.011
https://arxiv.org/abs/0906.1754
https://arxiv.org/abs/0906.1754
https://arxiv.org/abs/0810.2249
https://arxiv.org/abs/0810.2249
http://dx.doi.org/10.1090/S0065-9266-2010-00612-4
https://doi.org/10.1090/S0065-9266-2010-00612-4

	Combinatorial DSEs
	Differential equation for single insertion
	Multiple insertion places
	Renormalization schemes
	Conclusion
	Appendix

