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Motivation Tropical ϕ4 theory The beta function

Background: Perturbative QFT

▶ Quantum field theory (QFT) unifies quantum mechanics with special relativity.

▶ As fundamental theory: Standard model of particle physics. But methods have many
related applications, e.g. superconductors, statistical physics, pure math, finance, etc.

▶ In perturbation theory, Feynman graphs depict sequences of elementary interactions of
(virtual) particles. Each Feynman graph is a symbol for a Feynman integral.

▶ The sum of (infinitely many) Feynman integrals forms a scattering amplitude.

▶ 1. Computing Feynman integrals is hard and involves many interesting things: Complex
analysis, number theory, combinatorics, integration algorithms, . . . .

▶ 2. Moreover, there are conceptual questions: Perturbation series diverges, how do
Feynman integrals behave at large loop order, how does renormalization influence this, etc.

▶ This talk is about the second point.

▶ We will introduce tropical field theory as a model that gives some interesting new insights.
This is work in progress with many open questions.
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Motivation Tropical ϕ4 theory The beta function

Three perspectives

There are at least three perspectives on what tropical field theory is.

Co-homology and Combinatorics of GKZ systems, Euler-Mellin-Feynman Integrals and
Scattering Amplitudes
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Motivation Tropical ϕ4 theory The beta function

Perspective 1: Extending zero-dimensional field theory (I)

▶ Zero-dimensional field theory is a well-studied model for large-order behaviour of
perturbation series in QFT.

▶ For fixed kinematics, every Feynman integral is a finite number Φ[G ] ∈ C. Typically,
numerical value grows exponentially (=geometrically) with loop order L in perturbation
theory (e.g. numerical data for ϕ44 in [Balduf 2023; Borinsky and Favorito 2025], proof for ϕ43 in
[Magnen and Sénéor 1977]).

▶ On the other hand, number of Feynman graphs grows much faster (namely, factorially).
Hence: Can get a decent picture of large-order behaviour by setting Φ[G ] = 1 for all
graphs. This model is “zero dimensional field theory”.

▶ 0-dimensional “path integral” is an ordinary integral, can be solved in closed form:

Z =

∫
R

dϕ⃗

(2π)
1
2

e−
ϕ⃗2

2 − g(ϕ⃗2)2

4! =

∫
dσ√
2π

e−
σ2

2(
1−

√
−gσ√
3

) 1
2

=
∞∑
n=0

Γ
(
2n + 1

2

)
6nΓ
(
1
2

) (−g)n

n!

▶ External legs, O(N) symmetry, other fields, etc. can be incorporated.
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Motivation Tropical ϕ4 theory The beta function

Perspective 1: Extending zero-dimensional field theory (II)

▶ 0-dimensional QFT is “purely combinatorial”, the 0-dimensional path integral is a sum
over all Feynman graphs, weighted by symmetry factor [Bessis, Itzykson, and Zuber 1980],

Z = 1− 1

8
g +

35

384
g2 − 385

3072
g3 ± . . . =

∑
vacuum graphs G

1

|Aut(G )|
.

∅

1 − 1
8g

1
2

(
− 1

8g
)2 1

16g
2 1

48g
2

▶ Large-order asymptotics is well understood [Borinsky 2017; Balduf and Thürigen 2024].

▶ However, there is no renormalization. Missing fundamental feature of realistic QFTs.

▶ This is particularly sad because renormalization is a combinatorial operation on the series,
which shouldn’t be missed by a combinatorial model.
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Motivation Tropical ϕ4 theory The beta function

Perspective 1: Extending zero-dimensional field theory (III)

▶ Can we define a combinatorial sum of Feynman graphs, but assign some non-trivial value
that allows for renormalization?

▶ For ϕ44 theory in D = 4− 2ϵ spacetime dimensions, the superficial degree of divergence is

ωG = |EG | − 2L+ ϵL.

▶ UV-singularities are poles in ϵ. Since ϕ44 is renormalizable, a graph has ωG = Lϵ when it is
of vertex type, and ωG = −1 + Lϵ when it is of propagator type, and all other types are
superficially convergent.

▶ Recall parametric Feynman integral

Φ(G ) = Γ(ωG )

∫
ΩG

∏
e∈EG

αξe−1
e

Γ(ξe)

F−ωG

U D
2 −ωG

.

The superficial divergence is the pole of Γ(ωG ) at ϵ = 0.

▶ The actual integral is hard, so we will set it to unity and just utilize Γ(ωG ). In fact, for
small x one has Γ(x) ∼ 1

x .
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Motivation Tropical ϕ4 theory The beta function

Perspective 1: Extending zero-dimensional field theory (IV)

▶ Idea: Improve upon 0-dimensional QFT by assigning the value 1
ωG

to each graph.

▶ However, needs to be consistent with respect to subgraphs ⇒ sum over all subgraphs.

▶ Subgraphs can be expressed by permutations of edges. Let

Θ[G ] :=
∑

σ∈S|EG |

1

ωGσ
1
· ωGσ

2
· · ·ωGσ

|EG |

,

where σ is a permutation of the edges, and (Gσ
1 ,G

σ
2 ,G

σ
3 , . . . ,G

σ
|EG |) is an ordered

sequence of graphs that arises from adding the edges one by one.

▶ For graphs without subdivergence, and leaving out the overall 1
ωG

= 1
ωGσ

EG

, this is the Hepp

bound [Panzer 2022].

▶ If we assign the “Feynman integral” Θ[G ] to each graph, we obtain tropical field theory.
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Motivation Tropical ϕ4 theory The beta function

Example for the combinatorial formula

▶ Consider the sunrise graph
S :=

▶ Combinatorial formula is sum over all permutations of (internal) edges ,

Θ[G ] :=
∑

σ∈S|EG |

1

ωGσ
1
· ωGσ

2
· · ·ωGσ

|EG |

,

▶ There are 6 permutations, but they are all equivalent. Consider any one. We have

Gσ
1 = edge, Gσ

2 = 1-loop multiedge, Gσ
3 = S .

▶ Their superficial degrees of divergence are

ωGσ
1
= 1, ωGσ

2
= 2− 2 + ϵ = ϵ, ωGσ

3
= 3− 4 + 2ϵ = −1 + 2ϵ.

▶ Hence, each permutation contributes

1

2ϵ− 1
· 1
ϵ
· 1
1
=

1

ϵ(2ϵ− 1)
.

▶ Tropical “integral” of the sunrise:

Θ[S ] =
6

ϵ(2ϵ− 1)
.
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Motivation Tropical ϕ4 theory The beta function

Perspective 1: Pros and Cons

For each graph let

Θ[G ] :=
∑

σ∈S|EG |

1

ωGσ
1
· ωGσ

2
· · ·ωGσ

|EG |

,

▶ Pros:

▶ Explicit combinatorial description, straightforward to compute for given G .
▶ Incorporates pole terms in the “most straignforward” way.
▶ It clearly has a recursive structure: Sum over all subgraphs.

▶ Cons:

▶ Formula for Θ[G ] is ad-hoc. Is it related to ordinary Feynman integrals?
▶ In what sense is the sum of these quantities a “theory”? Is there any physical interpretation

or meaning?
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Motivation Tropical ϕ4 theory The beta function

Perspective 2: Tropical limit of Feynman integrals (I)

▶ Now fix ξ ∈ R and consider a Feynman integral in Schwinger parameters in dimension
D = ξ · (4− 2ϵ), where all propagators have power ξ:

Φ[G ] =

(∏
e∈EG

∫ ∞

0

dαe α
ξ−1
e

Γ(ξ)

)
e−

F
U

Uξ(2−ϵ)
= Γ(ω̄G )

∫
ΩG

(∏
e∈EG

αξ−1
e

Γ(ξ)

)
F−ω̄G

Uξ(2−ϵ)−ω̄G

▶ Introduce a mass parameter µ̄ (would be particle mass in the case ξ = 1). Symanzik
polynomials

U :=
∑

T spanning tree

∏
e /∈T

αe , F :=
∑

F spanning 2-forest

p2F
∏
e /∈F

αe +

(∑
e

µ̄2αe

)
U .

▶ Change of integration variables ye = (µ̄2αe)
ξ. This amounts to αe 7→ y

1
ξ
e µ̄−2 and

αξ−1
e dαe =

1
ξdα

ξ
e 7→ 1

ξ µ̄
−2ξdye . The first Symanzik polynomial is homogeneous of degree

L, therefore U(α⃗) 7→ µ̄−2LU(y⃗
1
ξ ).
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Motivation Tropical ϕ4 theory The beta function

Perspective 2: Tropical limit of Feynman integrals (II)

▶ With the change of variables, the second Symanzik polynomial becomes

F
U

=

∑
F

p2
F

µ̄2

∏
e /∈F y

1
ξ
e

U(y⃗
1
ξ )

+
∑
e∈E

y
1
ξ
e .

▶ Let µ̄ξ =: µ and ω̄G := ξ|EG | − LD
2 = ξ(|EG | − 2L+ Lϵ) = ξ · ωG , where ωG is the

ordinary 4-dimensional sdd.

▶ We are interested in the limit ξ → 0. In that case

Uξ(2−ϵ) =

(∑
T

∏
e /∈T

µ̄−2y
1
ξ
e

)ξ·(2−ϵ)

→ µ2−ϵ

(
max
T

∏
e /∈T

ye

)2−ϵ

=: µ2−ϵUtr
2−ϵ.

▶ We have introduced the tropicalized first Symanzik polynomial. As a function of ye , it is
locally a monomial (but a different monomial depending on the numerical value of ye).
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Example: Tropicalized polynomial

▶ Consider
(
(a2)

1
ξ + (ab)

1
ξ

)ξ
.

▶ For ξ = 1, this is the polynomial a(a+ b). For ξ = 0, it is piecewise either a2 or ab.

ξ = 1 ξ = 1
5 ξ = 1

1000

▶ The function stays continuous, but the boundary is not necessarily differentiable.

▶ For a Feynman integral, the two emerging domains (a ≤ b and a ≥ b) would be Hepp
sectors [Hepp 1966].
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Perspective 2: Tropical limit of Feynman integrals (III)
▶ What happens with F and momentum-dependence?

▶ F
U consists of two terms. First term is sum over 2-forests F . Let e be an edge in some
spanning tree T , so that T \ e is a spanning 2-forest F . Denote Y :=

∏
f /∈T yf . Then, the

summands in F
U are of the form

p2F
µ2

y
1
ξ
e · Y

1
ξ

. . .+ Y
1
ξ + . . .

.

▶ The second term in F
U is

∑
e y

1
ξ
e . Again, we are interested in the limit of

(F
U
)ξ

as ξ → 0.
▶ Choose the integration domain such that ye ∈ [0, 1] and maxe ye = 1. Then Y ≤ ye and

Y
Y+... ≤ Y .

▶ The prefactor
p2
F

µ̄2 is finite and irrelevant to the limit ξ → 0, namely when A,B, x1, x2 are
finite non-zero, then

lim
ξ→0

(
Ax

1
ξ

1 + Bx
1
ξ

2

)ξ

= max{x1, x2}.

▶ ⇒ the second term of F always dominates the limit ξ → 0, we have

F
U

→ max{ye} = 1.
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Perspective 2: Tropical limit of Feynman integrals (IV)

▶ Finally, use limξ→0 ξΓ(ξωG ) =
1
ωG

, then the remaining integral is

lim
ξ→0

Φ[G ] = µ−2ωG
1

ωG

∏
e ̸=⋆

∫ 1

0

dye

 1

U tr(y⃗)2−ϵ

∣∣∣
y⋆=1

=: µ−2ωGΘ[G ].

▶ Conclusion: The limit ξ → 0 is automatically independent of momenta, and coincides with
setting p = 0 from the start and replacing U → Utr in D = 4− 2ϵ in a massive theory.

▶ Has been solved in [Panzer 2022],

Θ[G ] =
1

ωG

∑
σ∈S|EG |

1

ωGσ
1
· ωGσ

2
· · ·ωGσ

|EG |−1

.
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Perspective 2: Pros and Cons

For every graph

lim
ξ→0

Φ[G ] = µ−2ωG
1

ωG

∏
e ̸=⋆

∫ 1

0

dye

 1

U tr(y⃗)2−ϵ

∣∣∣
y⋆=1

=: µ−2ωGΘ[G ].

▶ Pros:

▶ Tropical “integral” is sensible limiting case of individual Feynman integrals.
▶ Replacing U by Utr is obviously a bound for the integral. Suggestive that it carries structures

of 4-dimensional theory/ is good numerical approximation.
▶ Clarified that tropical Feynman rules are naturally independent of momenta.
▶ Conversely: Instead of just scaling µ̄ξ =: µ, one could also scale momenta pξ to retain them

⇒ can defind momentum-dependent tropical Feynman integrals (future work).

▶ Cons:

▶ Still entirely perturbative. Unclear if the sum of tropicalized integrals makes any sense
physically.
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Perspective 3: Long range field theory (I)

▶ Long range ϕ4 theory, where D = D0 − 2ϵ with D0 ∈ N and ξ fixed, has the action

S =

∫
dDx

1

2
ϕ(∂µ∂

µ)ξϕ+
(4π)2g0

4!
ϕ4.

▶ Allow ξ ∈ R, where ξ = 1 reproduces short-range massless ϕ4 theory. Case ξ = 2 has been
discussed in the context of quantum gravity [Stelle 1977; Mannheim 2007; Ganz and Noui 2021] .

▶ ξ /∈ {1, 2} is a well-studied model in solid state/statistical physics (e.g. [Dauxois et al.

2002]), often formulated through long-range interaction Hamiltonian

H =

∫∫
dDxdDr

ϕ(x)ϕ(x + r)

|r |D+2ξ
.

▶ “Familiar” thermodynamic properties when 0 < ξ < 1, increasingly exotic when ξ > 1 or
ξ < 0 (e.g. [Mukamel 2009]).

▶ Most famous example: D = 1 Ising model has phase transition in the long-range case,
when 0 < ξ < 1

2 [Dyson 1969a; Dyson 1969b; Fisher, Ma, and Nickel 1972], but not when ξ = 1
[Ising 1925; Peierls 1934].
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Perspective 3: Long range field theory (II)

▶ Quartic interaction is perturbatively renormalizable when ξ = D
4 .

▶ When ξ < D
4 , the quartic interaction is irrelevant and the theory is Gaussian (with that

propagator).

▶ When ξ ∼ 1, there is a transition to the short-range model [Sak 1973; Honkonen and Nalimov

1989]. We set D = ξ · (4− 2ϵ).

▶ Perturbation expansion reproduces scaled Feynman integrals (perspective 2), ξ → 0 are
tropical Feynman integrals.

▶ Alternatively, compute tropical amplitudes from differential equations without using
Feynman integrals.
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Perspective 3: Pros and Cons

S =

∫
dξ(4−2ϵ)x

1

2
ϕ(∂µ∂

µ)ξϕ+
(4π)2g0

4!
ϕ4.

▶ Pros:

▶ Identifies tropical field theory as one member of an entire family of scaled field theories;
other members are well studied and physically relevant.

▶ Gives some intuition for “big picture”: Will be renormalizable, Dependence on ϵ could be
physically interesting, etc.

▶ The scaled Euler-Mellin Feynman integrals emerge as perturbation expansion, but are not
necessarily part of the definition of the model.

▶ Physically obvious why momentum dependence vanishes: This is a 0-dimensional theory,
there is no momentum.

▶ Cons:

▶ Combinatorial formula for Feynman integrals only emerges through explicit calculation.
▶ Recursive structure of Θ[G ] appears surprisingly.
▶ A priori unclear why these integrals should be a bound for 4-dimensional ϕ4 integrals.
▶ Defining the theory without using Feynman integrals is subtle, can’t simply set ξ = 0 in the

Lagrangian.
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Computing tropical integrals

Θ[G ] :=
∑

σ∈S|EG |

1

ωGσ
1
· ωGσ

2
· · ·ωGσ

|EG |

,

▶ Θ[G ] factorizes when G is disconnected, 1-edge connected or 1-vertex connected.

▶ Trees have Θ[T ] = 1.

▶ Recursively

Θ[G ] =
1

ωG

∑
e∈EG

Θ[G \ e].
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Example: Cycles

r1 = r2 = r3 = r4 =

Let rn be the cycle of n edges. It has ωrn = n − 2 + ϵ.
Removing any one edge produces a tree. Since Θ[T ] = 1 for every tree, we have

Θ[rn] =
1

ωG

∑
e∈EG

Θ[G \ e] = 1

ϵ+ n − 2

∑
e∈EG

1 =
n

ϵ+ n − 2
.
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Recurrence relations

▶ Consider an arbitrary 1PI graph. It has the structure of a cycle of 1PI subgraphs γj , and
edges are either internal to one γj (such as e′), or go between two distinct γj (such as e).

(a)

γ1

γ2

γ3

e e′

→ γ′1

γ2

γ3

e

f1

f2

(b)

γ1

γ2

γ3

e′

→ γ

e′

▶ Recurrence relation: Sum over all ways to remove one edge. Two possibilities:
(a) removing e produces a tree, where Θ factorizes into the distinct γj .
(b) removing e′ reproduces the structure. Can be viewed as a cycle of just one edge, and
one 1PI graph γ.
Either case reduces the loop number by one.

▶ Including all symmetry factors, one obtains a recurrence for sums of 1PI graphs
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Example: Recurrence at 2 loops

Γ
(1)
2

... + . . . + Γ
(1)
2k

...
...

2
k
−

2
le
g
s

2
n
−

2
k
+

2
le
g
s

+ . . . + Γ
(1)
2n+2

...

▶ 2-loop 1PI amplitude Γ
(2)
n is a cycle of vertices and exactly one 1-loop 1PI amplitude Γ

(1)
2k .

▶ For each fixed k, have combinatorial factors
▶ A factor Γ

(1)
2k from the 1-loop amplitude which acts as an effective vertex.

▶ A factor (n + 2− k) for the tropical integral of a ring of (n + 2− k) edges.
▶ A symmetry factor consisting of

▶ (2n)! for the 2n external legs,
▶ 1

(2!)n+1−k for exchanging the pairs of external legs at the tree level vertices,

▶ 1
(2k−2)!

for permuting the (2k − 2) external legs of the effective vertex,

▶ 1
2
for reversing the direction of the cycle.

▶ End result: 2-loop amplitude is

Γ
(2)
2n =

(2n)!

2n+2(2ϵ+ n − 2)

n+1∑
k=1

k(2k − 1)(n + 2− k)

ϵ+ k − 2
, n ≥ 0.
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Example: 2-loop 2-point amplitude
▶ The 2-loop 2-point function has 2n = 2, so n = 1, and the summands

1
2−k (2k−2)!

× (n + 2− k)× Γ
(1)
2k are:

Γ
(2)
2 =

2

8(2ϵ− 1)

(
2× 2× 1

2(ϵ− 1)︸ ︷︷ ︸
for k=1

+2× 1× 3

ϵ︸ ︷︷ ︸
for k=2

)
=

4ϵ− 3

2ϵ(ϵ− 1)(2ϵ− 1)
.

▶ Corresponding Feynman graphs: Sunrise and double tadpole

S := , P := .

▶ Use combinatorial formula:

Θ[S ] =
1

2ϵ− 1

(
2

ϵ
+

2

ϵ
+

2

ϵ

)
=

6

ϵ(2ϵ− 1)
, Θ[P] = Θ[r1] ·Θ[r2] =

1

ϵ− 1
· 2
ϵ

▶ Including symmetry factors, we reproduce

Γ
(2)
2 =

1

6
× 6

ϵ(2ϵ− 1)
+

1

4
× 2

ϵ
× 1

ϵ− 1
=

4ϵ− 3

2ϵ(ϵ− 1)(2ϵ− 1)
.
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Recurrence, general case
▶ For L > 2 loops additional freedom to distribute (L− 1) loops over the vertices in the

cycle ⇒ Bell polynomial. Use variable t to count loop order,

Γ
(L)
2n =

(2n)!

2(Lϵ− 2 + n)

[
tL−1

] L−1+n∑
k=1

k!

(n + k)!
Bn+k,k

(
Γ2, Γ4,

Γ6
4
,
Γ8
30
, . . . ,

(n + 1)!Γ2n+2

(2n)!

)
.

▶ Allow for 2-valent vertices with amplitude κ (⇒ geometric sum), and O(N) symmetry
(⇒ cycle either produces one or zero powers of N),

Γ
(L)
2n,s

(2n)!
=

1

2(Lϵ+ n + s − 2)

[
x2n · tL−1 · κs

] 1(
1−

∑∞
j=0 x

2j Γ2j+2

(2j)!

) +
N − 1(

1−
∑∞

j=0 x
2j Γ2j+2

(2j+1)!

) − N

.
▶ This is a PDE for the generating function G(x , t, κ) :=

∑∞
n=0

∑∞
L=0

∑∞
s=0 Γ

(L)
n,sκstL

xn

n!
(see [Borinsky 2025] for N = 1, but arbitrary interactions)(

2ϵ t∂t + x∂x + 2κ∂κ − 4
)
G(x , t, κ) = t ·

(
1

1− ∂2xG(x , t, κ)
+

(N − 1)x

x − ∂xG(x , t, κ)
− N

)
.

(interesting relation to 0-dimensional QFT, functional renormalization group, etc, but skip for now.)
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Divergence structure

▶ Consider dimensional regularization, D = 4− 2ϵ. Combinatorial formulas

Θ[G ] =
1

ωG

∑
σ∈S|EG |

1

ωGσ
1
· ωGσ

2
· · ·ωGσ

|EG |−1

.

⇒ Pole in ϵ can only occur when ωγ = nϵ for some γ ⊆ G (converse is false).

▶ In ϕ4 theory, ωγ = Lϵ exactly if γ is a L-loop vertex-type diagram (=2-connected, 4
external edges).
⇒ tropical field theory has all vertex (sub-) divergences analogous to ordinary ϕ4 theory.

▶ Crucially: Propagator-type diagrams do not produce poles in ϵ. I.e.: When ωγ < 0, the
analytic continuation Θ[γ] is regular at ϵ = 0. ⇒ no propagator subdivergences.

▶ Consistent with long-range theory: Long-range kinetic term ϕ(∂µ∂
µ)ξϕ for ξ < 1 has no

local counterterm, is not renormalized.

▶ The 2-point vertex κ is renormalized. This is a mass term (the IR regulator µ is not).

Paul-H. Balduf, U Oxford The beta function in tropical field theory 25

https://paulbalduf.com/research


Motivation Tropical ϕ4 theory The beta function

Divergence structure

▶ Consider dimensional regularization, D = 4− 2ϵ. Combinatorial formulas

Θ[G ] =
1

ωG

∑
σ∈S|EG |

1

ωGσ
1
· ωGσ

2
· · ·ωGσ

|EG |−1

.

⇒ Pole in ϵ can only occur when ωγ = nϵ for some γ ⊆ G (converse is false).

▶ In ϕ4 theory, ωγ = Lϵ exactly if γ is a L-loop vertex-type diagram (=2-connected, 4
external edges).
⇒ tropical field theory has all vertex (sub-) divergences analogous to ordinary ϕ4 theory.

▶ Crucially: Propagator-type diagrams do not produce poles in ϵ. I.e.: When ωγ < 0, the
analytic continuation Θ[γ] is regular at ϵ = 0. ⇒ no propagator subdivergences.

▶ Consistent with long-range theory: Long-range kinetic term ϕ(∂µ∂
µ)ξϕ for ξ < 1 has no

local counterterm, is not renormalized.

▶ The 2-point vertex κ is renormalized. This is a mass term (the IR regulator µ is not).

Paul-H. Balduf, U Oxford The beta function in tropical field theory 25

https://paulbalduf.com/research


Motivation Tropical ϕ4 theory The beta function

Renormalization
▶ Bare 2-point and 4-point functions start with (at order [κ0])

G2 =

(
1

2
+ . . .

)
g0µ

−ϵ +

(
− 3

2ϵ︸︷︷︸
vertex subdivergence

−5

2
+ . . .

)
g2
0µ

−2ϵ +

(
9

2ϵ2
+

15

ϵ︸ ︷︷ ︸
vertex subdivergence

+
227

8
+ . . .

)
g3
0µ

−3ϵ + . . .

G4 = −3

ϵ
g0µ

−ϵ +

(
9

ϵ2
+

9

ϵ
− 27

2
+ . . .

)
g2
0µ

−2ϵ +

(
−27

ϵ3
− 72

ϵ2
+

69

2ϵ
+

741

4
+ . . .

)
g3
0µ

−3ϵ + . . .

▶ Coupling renormalization: Introduce counterterms Z = 1 +O(g). Coupling involves only
vertex counterterm (since field counterterm is unity), g0 = g · µ2ϵZ4(g , ϵ), and
renormalized 4-point function is Z4 · Γ4(g · Z4). In the minimal subtraction (MS) scheme,
Z includes only the poles in ϵ;

Z4 = 1 +
3

ϵ
g +

(
9

ϵ2
− 9

ϵ

)
g2 +

(
27

ϵ3
− 63

ϵ2
+

87

ϵ

)
g3 +

(
81

ϵ4
− 621

2ϵ3
+

774

ϵ2
− 1407

ϵ

)
g4 + . . . .

▶ Notice how the order [g1]Z4 cancels the vertex subdivergences at order [g2] and [g3] in
G2. As expected: This theory is renormalizable.

▶ Analogous for mass renormalization (not considered in this talk).
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Beta function
▶ Renormalization group functions are derivatives of counterterms, in particular

β(g , ϵ) :=
−2ϵg

1 + g∂g lnZg (g , ϵ)
in MS
= 2g2∂gZg ,1(g)− 2gϵ.

▶ For tropical ϕ4 theory in the MS scheme:

β = −2ϵg + 6g2 − 36g3 + 522g4 − 11256g5 +
1224063

4
g6 − 97292007

10
g7 ± . . . .

▶ For comparison, in non-tropical ϕ44 theory:

β ≈ −2ϵg + 3g2 − 5.667g3 + 32.55g4 − 271.6g5 + 2849g6 − 34776g7 + . . . .

▶ β depends on renormalization scheme, but not the correction to scaling exponent
ψ := ∂gβ(g⋆(ϵ)), where g⋆ is such that β(g⋆(ϵ), ϵ) = 0. In the tropical theory:

g⋆ =
ϵ

3
+

2ϵ2

3
− 5ϵ3

9
+

346ϵ4

81
− 22367ϵ5

648
+

412672ϵ6

1215
− 669955249ϵ7

174960
+

11743752875ϵ8

244944
+ . . .

ψ = 2ϵ− 4ϵ2 +
68ϵ3

3
− 1688ϵ4

9
+ 1897ϵ5 − 3555593ϵ6

162
+

273066547ϵ7

972
− 842771759ϵ8

216
+ . . . .

In non-tropical case:

ψ ≈ 2ϵ− 2.518ϵ2 + 12.95ϵ3 − 83.76ϵ4 + 664.0ϵ5 − 5959ϵ6 + . . . .
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Tropical vs non-tropical coefficients

▶ Same sign pattern and “coefficients grow with order” in both tropical and non-tropical ϕ4.
But numerically distinct. Claim: Tropical theory captures qualitative features.

▶ For example, contribution of individual diagrams to the MS beta function at L = 6 loops
(colors are number of subdivergences):

⇒ tropical (x-axis) and ordinary (y -axis) values are strongly correlated.
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Growth rate

▶ Perturbation series are factorially divergent. Qualitatively for n → ∞:

[gn]β(g) = βn ∼ S · Γ(n + cs) · an + subleading corrections,

with constants S , cs , a.

▶ There are two well-known mechanisms in QFT leading to this behaviour: Renormalons
and Instantons (e.g. [’t Hooft 1977; Beneke 1999])

▶ An instanton is a non-vacuum solution of the classical equation of motion / a
non-perturbative saddle point of the path integral / the combinatorial fact that the
number of graphs grows factorially

▶ A renormalon is a purely quantum effect, amounts to repeated insertion of divergent
subgraphs / loop integral being dominated by large logarithms / renormalized correlation
functions having anomalous dimensions.

▶ To study factorial growth rates, one often uses Borel transforms.
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Borel transforms
▶ Let f (x) :=

∑∞
n=0 fnx

n be a formal power series. The Borel transform of f is given by

B[f ](t) :=
∞∑
t=0

bnt
n =

∞∑
t=0

fn
n!
tn.

In our cases, B[f ](t) has non-zero radius of convergence.

▶ Singularity structure of B[f ] encodes growth rates of fn. Canonical example:

fn =
S

Γ(cs)
· Γ(n + cs) ·

(
1

t0

)n

= n!
S · Γ(n + cs)

Γ(n + 1)Γ(cs)

1

tn0

has Borel transform

B[f ](t) = S

Γ(cs)

∞∑
n=0

Γ(n + cs)

Γ(n + 1)

(
t

t0

)n

= S ·
(
1− t

t0

)−cs
.

▶ Borel resummation is given by the Laplace-Borel integral

R[f ](g) =
1

g

∞∫
0

dut e−
t
g Bf (t) =

∞∫
0

du e−u Bf (ug).

⇒ For physics, behaviour of B[f ](t) along positive real line in Borel plane is crucial.
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▶ Borel resummation is given by the Laplace-Borel integral

R[f ](g) =
1

g

∞∫
0

dut e−
t
g Bf (t) =

∞∫
0

du e−u Bf (ug).

⇒ For physics, behaviour of B[f ](t) along positive real line in Borel plane is crucial.
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Literature expectations
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Literature expectations 2
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How to “measure” the Borel plane structure

▶ Given some data points fn for n ≤ N, can compute coefficients f̄n of Borel transform.

▶ This is a Taylor series. We need an analytic continuation that can have poles. Construct
diagonal Padé approximant for K ≤ N

2 − 1,

PB[f ](t) := n0 + n1t + . . .+ nK t
K

1 + d1t + d2t2 + . . .+ dK tK
=

N∑
n=0

f̄nt
n +O

(
t2K+1

)
.

▶ Now find the singularities, i.e. the points t ∈ C where the denominator vanishes.

▶ Being a rational function, all singularities of PB[f ] are poles (i.e. integer exponents). A
branching point is reflected by a sequence of poles accumulating at that point (with
interesting interpretation [Nuttall 1977], but not for this talk).

▶ Technical obstacle: The sequences tend to overlap further singularities, numerical
accuracy is low. Can be cured by conformally mapping the Borel plane to the unit disk
[Costin and Dunne 2021].
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Example: Algebraic singularity
▶ Consider the function t

(1+t)
7
3
with increasingly many terms.

▶ Sequence of poles (dot) and zeros (crosses) accumulating at the branching point
t = −1 ∈ C.

▶ Singularity at t = ∞ is at +1 in the conformal disk.

Borel plane

Mapped to unit disk
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Example: Infinitely many algebraic singularities

▶ Now consider
∑∞

n=1
t

(n+t)
7
3
.

▶ We can resolve the first few singularities, more with increasing number of terms.

▶ Essential singularity at t = −∞ is “shielded”.

Borel plane

Mapped to unit disk
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Example: Essential singularity at infinity

▶ The function e2t has an essential singularity.

▶ Is represented by a “wall” of poles.

Borel plane

Mapped to unit disk
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Tropical beta function in MS to 200 loops

▶ Singularities at multiples of − 1
3 (3 times faster growth than ordinary ϕ4)

▶ No (at least IR) renormalons.

▶ Essential singularity at t = ∞

Borel plane

Mapped to (scaled) unit disk
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Borel structure of tropical beta function in MS

▶ Singularities at multiples of − 1
3

▶ Leading singularity is confluent, with two distinct exponents at the same location t = − 1
3
.

▶ Residue / first few terms of expansion can be measured numerically to a few digits.
▶ ⇒ large-order growth of β contains log-corrections and rational, non-integer powers of n.

▶ No (at least IR) renormalons.
▶ Surprise?
▶ Beta function in MS is Borel-resummable (for not too big g). Good news: Can obtain a

finite non-perturbative answer from perturbation theory.

▶ Essential singularity at t = ∞.
▶ Carries physical information: Borel resummation only viable for small enough ϵ.
▶ Measuring precise nature is harder than for leading singularity.
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Conclusion

▶ Have introduced tropical field theory from 3 perspectives:

1. As a generalization of combinatorial generating function “0-dimensional QFT”,
2. As a tropicalization of parametric Feynman integrals,
3. As a special case of long-range ϕ4 theory.

▶ Can compute individual integrals or entire amplitudes much more efficiently than for
ordinary theory (but harder than 0-dimensional).

▶ Renormalization of coupling and mass works as usual, field strength is not renormalized.

▶ Tropical beta function in MS has evenly spaced “instanton-like” singularities, but only on
the negative real axis ⇒ Borel resummable, no renormalons.

▶ Structure is richer than 0-dimensional, numerically much more challenging than the typical
“resurgence toy models”. Need over 100 loops to even determine leading growth rates.

▶ Many open ends, some of which are in progress:

1. Analyze other renormalization group functions and critical exponents, resummation.
2. Relations with functional renormalization group equations.
3. Can we write down an action or a Lagrangian?
4. Extend to scalar theories other than ϕ4, non-scalar fields etc.
5. Examine momentum-dependent tropicalized integrals.
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