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Feynman integrals and their graphs

Feynman integrals are an extremely versatile tool to compute perturbation series for systems

with non-linear self-interaction, for example quantum fields, statistical physics, or gravity. They

can graphically be depicted as Feynman graphs, for example for a scattering amplitude:

= + 4× + 3× + 6× + . . .

ℓ = 0
ℓ = 1 ℓ = 2

Complexity is measured by the loop number ℓ, the graph has |E| internal edges and the

theory is situated in D = 4− 2ϵ spacetime dimensions. The scattering amplitude depends on

the masses and momenta of all particles, for simplicity we assume that masses are equal m2

and momenta vanish (Tropical field theory also exists for p ̸= 0 and distinct masses). Each

graph G encodes a parametric Feynman integral [Nakanishi 1957]:

I[G] = Γ(ωG) ·m−2ωG ·
∫ ∞

0

da1 · · ·
∫ ∞

0

da|E|−1
(
∑

e ae)
−ωG

U D
2

∣∣∣∣∣
a|E|=1

.

The superficial degree of convergence is ωG = |E| − ℓD2 . The integrand in the variables a is

given by Symanzik polynomials :

U =
∑

T spanning tree

∏
e/∈T

ae, F = m2 · U ·
∑
e

ae.

Example: The triangle graph has three spanning trees:
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Superficial degree of convergence is ω = 3− 14−2ϵ
2 = 1 + ϵ. The

Symanzik polynomial is

U =
∑

T spanning tree

∏
e/∈T

ae = a1 + a2 + a3.

The parametric Feynman integral is 2-dimensional, and can in

this simple graph be solved analytically:

I[G] = (m2)−1−ϵΓ(1 + ϵ)

∫ ∞

0

da1

∫ ∞

0

da2
1

(a1 + a2 + 1)3

= (m2)−1−ϵΓ(1 + ϵ) · 1
2
.

Plot the integrand 1
(a1+a2+1)3

as

a function of a1 and a2:

This example is unrealistically simple. In general, one can not

solve the integral analytically, and it might contain poles in the

dimensional regulator variable ϵ.

Why tropical?
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In mathematics, a tropicalization means, roughly, replacing a polynomial

by its maximum monomial [Speyer and Sturmfels 2009]. It depends on the numerical

values of the variables which monomial

is the maximum, e.g. for x ≥ 0:

f (x) = 3 + 4x + x2 ⇒ f (tr)(x) =


3 0 ≤ x ≤ 3

4,

4x 3
4 ≤ x ≤ 4

x2 4 ≤ x.

This first arised in the tropical semiring, the

(mathematical) ring which has real numbers, but operations addition

and minimum instead of multiplication and addition,

(·, +) → (+, min).

It was first studied by Christian Choffrut and Imre Simon working

in São Paulo, Brasil [Simon 1988]. The original context was in computer

science, namely representing the steps of a computer program

(automaton) by moving along the edges of a graph.

Example: Compute the shortest route on a map (=graph). One needs

to add the travel times of the individual segments, and then take the

minimum among all routes. Luiz Gustavo Leme - Flickr, CC BY 2.0

What can it do?

What is it?

1 Tropical integrals as approximation

Goal: Construct an approximation for the Feynman integral

I[G] = Γ(ωG)m
−2ωG

∫
· · ·

∫
dae

(
∑

e ae)
−ωG

U D
2

∣∣∣
aE=1

.

We integrate over ae ≥ 0, and all coefficients in U are positive.

⇒ for fixed a1, . . . , a|E|−1,

U(a) =
∑

(positive monomials
∏
e

ae).

Hence U ≥ (largest monomial), or equivalently 1
U ≤ 1

(largest monomial).

Concretely, for given numerical values of a1, . . . , a|E|−1, replace

U(a) =
∑

T spanning tree

∏
e/∈T

ae → max
T spanning tree

∏
e/∈T

ae =: Utr(a).

Likewise, replace
∑

e ae → maxe ae, obtain tropical Feynman integral

(⋆) Itr[G] := Γ(ωG)µ
−2ωG

∫
· · ·

∫
dae

(maxe ae)
−ωG

Utr
D
2

∣∣∣
aE=1

.

The tropicalization captures the true behaviour as aj → ∞ (i.e. (sub-)

divergences, asymptotics). Modulo constants, Itr[G] is a strict upper and lower

bound (“Hepp bound”) of I[G]. Has been used to prove renormalizability [Hepp

1966] and Borel summability [de Calan and Rivasseau 1981] of perturbative QFT.

Example: Triangle at zero momentum. Integrand is 1
U3 , replace by

1
Utr3

,

Utr = max{a1, a2, 1} =


a1 if a1 > 1 & a1 > a2,

a2 if a2 > 1 & a2 > a1,

1 else.

(coincidence that it is piecewise linear here. Generally it is piecewise monomial)

Utr 1
Utr3

and 1
U3

Solving the integral over the monomial 1
Utr3

is easy in each domain:

∫ 1

0

da1

∫ 1

0

da2
1

13
+

∫ ∞

1

da1

∫ a1

0

da2
1

a31
+

∫ ∞

1

da2

∫ a2

0

da1
1

a32
= 1 + 1 + 1 = 3.

As expected,

Itr[G] = 3 ≥ 1

2
= I[G].

D
= 4ξ

D

ξ

1 2 3 4

0.5

1
2ϵ

ϵ =
0

ϵ
=
1ϵ
=
2

Tropical ϕ4 theory (perturbative) phase structure of ϕ4 theory

1 tropicalization of

4-dimensional integrals

2 blow-up of joint

limit D → 0 and ξ → 0
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2 Long-range field theory

Consider a system (e.g. lattice or field theory) where the interaction is not

just between nearest neighbours, but decays with a power law with distance,

Hint ∼ (4π)
D
2 λ

∫∫
dDx dDr

ϕ(x)ϕ(x + r)

|r|D+σ
.

One uses the convention σ = 2ξ to write this as an action

S =

∫
dDx

(
1

2
ϕ(−∂µ∂

µ)ξϕ +
(4π)D/2λ

4!
ϕ4

)
.

In Feynman integrals, such a theory has propagators

1

(p2)ξ
=

1

Γ(ξ)

∫ ∞

0

da aξ−1e−ap2 =
1

ξΓ(ξ)

∫ ∞

0

dy e−y
1
ξ p2.

Recall that the L∞ norm amounts to the maximum:

lim
ξ→0

(
c1y

1
ξ
1 + c2y

1
ξ
2 + . . .

)ξ

= max{y1, y2, . . .} (the cj ̸= 0 don’t matter).

The integrand in the Feynman integral is U−D
2 . To get overall power ξ in

the exponent, set the dimension D = ξ · (4− 2ϵ) and introduce ω̄G = ξ ·ωG

(where ωG = |E| − ℓ4−2ϵ
2 ). Then limξ→0 I[G] = Itr[G] becomes (⋆).

3 Zero-dimensional field theory

Zero-dimensional field theory arises by setting D = 0 in the original theory.

The spacetime integral is then absent altogether, the action is a simple

function of the field variable ϕ,

S :=
ϕ2

2
+

λ(ϕ2)2

4!
− jϕ,

The the “path integral” becomes an ordinary 1-dimensional integral, which

can be solved in closed form [Balduf and Thürigen 2024]

Z =

∫ ∞

−∞

dϕ

(2π)
1
2

e−S =

∞∑
n=0

∞∑
k=0

Γ
(
2n + k + N

2

)
6n2kΓ

(
k + N

2

) j2k(−g)n

k!n!
.

This sum counts graphs, i.e. it gives the value unity to each Feynman

integral, and only weights them with their combinatorial factors.

∅

1 −1
8g

1
2

(
−1

8g
)2 1

16g
2 1

48g
2

Tropical field theory is a generalization: Instead of the value unity for each

graph, use the combinatorial formula below. Indeed, tropical field theory

reduces to the zero-dimensional one if one sets ϵ = 2, so D = 4− 2ϵ = 0 .

4 Local potential approximation

Using a scale variable t := log
(
µ0
µ

)
, the renormalized 1PI generating function (quantum

effective potential) satisfies the Callan-Symanzik equation: β ·∂gGR = −∂tGR. One introduces

the connected generating function (Helmholtz free energy) through a Legendre transform

j := ∂φGR, W := j · φ− GR. Split off free field theory j2

2 to obtain non-free part of free

energy/partition function, W =: −j2

2 + u(j, t,m2), ρ(j, t,m2) := e−u. In dimension D,

static tropical ϕ4 theory satisfies the renormalization flow equation

∂tu = ∂2
ju− D − 2

2
· j∂ju +D · u− (∂ju)

2 +
N − 1

j
∂ju,

∂tρ = ∂2
jρ−

D − 2

2
· j∂jρ +D · ρ log ρ +

N − 1

j
∂jρ.

Literature:
[Felder 1987]

[Zumbach 1994]

Combinatorial formula

The tropical integral (⋆) is a sum of integrals over monomials, one for each Hepp

sector. In the static (=zero external momentum) case, sectors are encoded by the

orderings σ of the edges of the graph. The integral in each sector is an inverse of

the degree of convergence ωγ = |Eγ| − ℓD2 . This yields the combinatorial formula

Itr[G] = µ−2ωG
∑
σ

1

ωGσ
1
ωGσ

2
· · ·ωGσ

|E|−1
ωGσ

|E|

= µ−2ωG
1

ωG

∑
e∈EG

Itr[G \ e].

This formula shows that (i) Trees have Itr[T ] = 1, and Itr[G] factorizes when

(ii) G is disconnected, (iii) G is 1-edge connected, or (iv) G is 1-vertex connected.

Example: The 1-loop cycle graphs rn with n edges have ωrn = n− 2 + ϵ.

r1 = r2 = r3 = r4 =

Removing any one edge produces a tree. Since Itr[T ] = 1 for every tree T ,

Itr[rn] = µ−2n+4−2ϵ 1

ωG

∑
e∈EG

Itr[G \ e]

= µ−2n+4−2ϵ 1

ϵ + n− 2

∑
e∈EG

1 = µ−2n+4−2ϵ n

ϵ + n− 2
.

Recurrence relations: Remove one edge from arbitrary 1PI graph. This reduces

ℓ by 1, and produces either a tree of 1PI graphs, or not:

γ1

γ2

γ3

e e′

→ γ′
1

γ2

γ3

f1

f2

or γ1

γ2

γ3

e′

→ γ

⇒ recurrence relation for 1PI graphs. Introduce (unrenormalized) 1PI generating

function

G(φ, λ) :=
∞∑
n=0

∞∑
t=0

Γ(t)
n λtφ

n

n!
= −φ2

2
−

(
N(N + 2)

24(ϵ− 1)2
+

(N + 2)φ2

12(ϵ− 1)
+

φ4

24

)
λ + . . ..

Satisfies the tropical loop equation [Borinsky 2025; Balduf and Panzer 2025](
2ϵλ∂λ + (1− ϵ)φ∂φ − (4− 2ϵ)

)
G = φ2 − 1

∂2
φG

− (N − 1)φ

∂φG
−N.

Divergences and renormalization

The combinatorial formula indicates that Itr[G] can have poles in ϵ when

any of the ωGσ
j
is proportional to ϵ. This happens when this subgraph

Gσ
j is superficially log-divergent, i.e. it is a vertex graph. Conversely, a

propagator-type graph does not give rise to subdivergences.

⇒ coupling renormalization, but no wave function renormalization (this

true more generally for long-range theories ξ < 1). One could introduce

a 2-valent mass terms and find mass renormalization.

Multiplicative renormalization works as usual; introduce reference scale

µ0 and counterterms:

λ = µ2ϵ
0 g · Zg(g, ϵ).

This replacement gives rise to a renormalized 1PI generating function

GR(φ, g) = G
(
φ, µ2ϵgZg

)
, which satsifies the tropical loop equation(

− β(g, ϵ)∂g + (1− ϵ)φ∂φ − (4− 2ϵ)
)
GR = φ2 − 1

∂2
φGR

− (N − 1)φ

∂φGR
−N,

where we introduced the beta function

β(g, ϵ) := µ0
∂

∂µ0
g(λ, µ0, ϵ).

The concrete function depends on a choice of renormalization scheme.

Example: Tropical ϕ4 theory in the minimal subtraction (MS) scheme:

β(MS) = −2ϵg + 6g2 − 36g3 + 522g4 − 11256g5 +
1224063

4
g6 − 97292007

10
g7 ± . . ..

(have computed 400 rational terms in [Balduf and Panzer 2025], amounts to 10800 diagrams.)

For comparison, in non-tropical ϕ4
4−2ϵ theory [Schnetz 2023]:

β(MS) ≈ −2ϵg + 3g2 − 5.667g3 + 32.55g4 − 271.6g5 + 2849g6 − 34776g7 + . . . .

Alternatively, define a “kinematic”/MOM scheme by evaluating at

µ = µ0, so that the 4-point function equals the renormalized coupling:

g = g(u, ϵ) := G4(g, µ = µ0, ϵ).

Viewed as counterterm, this is simply Zg(g, ϵ) = 1/G4(µ = µ0). Leads

to a beta function that depends non-trivially on ϵ, starting with

β(MOM) = 6g2 − 36g3 + 441g4 − 8061g5 +
735039

4
g6 − 39225231

8
g7 ± . . . +O(ϵ).

Large loop orders

Perturbation series are factorially divergent. Qualitatively for n → ∞:

[gn]β(g) = βn ∼ S · Γ(n + b) · an + subleading corrections,

with constants S, b, a. The Borel transform converges:

B[β](u) :=
∞∑
t=0

βn
n!
un ≤ ∞ for small enough u.

Singularity structure of B[β] encodes growth rates of βn. Example:

βn =
S

Γ(b)
· Γ(n + b) ·

(
1

u0

)n

⇔ B[β](u) = S

Γ(b)

∞∑
n=0

Γ(n + b)

Γ(n + 1)

(
u

u0

)n

= S ·
(
1− u

u0

)−b

.

Borel resummation is given by the Laplace-Borel integral

R[β](g) =
1

g

∫ ∞

0

du e−
u
gB[β](u).

⇒ Behaviour of B[β](u) along positive real line in Borel plane is crucial.

Expectations from the ancient literature:

[’t Hooft 1977]

[Beneke 1999]

Large-order growth rate of the tropical beta function:

Measure (this is harder than it looks) growth rate, find for n → ∞

β(MS)
n ∼ 1.0858867 · (−3)nΓ

(
n +

5

2

)(
1− 3.021658

n1/3
+

3.35

n2/3
+

0.94 log(n)

n
− 1.1

n
. . .

)
.

Factor 3n compared to 1n in conventional ϕ4
4 theory. This has corrections

1
3√n
, not

just 1
n. There are also log(n), log(n)

2, . . .. ⇔ the leading singularity is at u = −1
3, is .

This is more complicated than what is discussed in existing ϕ4
4 asymptotics literature.

We don’t know if this structure is an artifact of tropicalization.

Borel plane of tropical beta function in MS:
• Instanton singularity at −1

3, corre-

sponding to growth (−3)n.

• 6-fold confluent algebraic with expo-

nents b + i
3 for i ∈ {0, . . . , 5}, where

b = −N+4
2 .

• We clearly resolve 2-instanton singu-

larity at −2
3, and 3-instanton at −1.

• No singularities on positive real axis.

Borel plane of tropical beta function in MOM:

• Similar instanton singularities.

• Additionally renormalon singularities

on the positive real axis.

• For N = 1, leading renormalon is at

+1
3. Moves linearly with N .

• There are also renormalons on the

negative real axis.

Numerical correlations and sampling

Clearly Itr ≫ I. For ϕ4
4−2ϵ diagrams without subdivergence, we know the 1

ϵ residue

of ∼ 2 · 106 diagrams ℓ ≤ 18 numerically [Balduf 2023]. Compare to tropical: There is

almost a power law relation, log I ≈ c1 + c2 log Itr. ⇒ Itr preserves relative size.
With subdivergence, there is still strong correlation of contributions to βMS.
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Contributions to βMS at ℓ = 6

These correlations are being used for importance sampling of graphs [Balduf and Shaban

2024], and Hepp sectors [Borinsky, Munch, and Tellander 2023; Borinsky 2023; Borinsky and Fraaije 2025; Borinsky 2025].
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