Feynman integrals and their graphs
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Why tropical?

Feynman integrals are an extremely versatile tool to compute perturbation series for systems
with non-linear self-interaction, for example quantum fields, statistical physics, or gravity. They
can graphically be depicted as Feynman graphs, for example for a scattering amplitude:

+ ...

Example: The triangle graph has three spanning trees:
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Superficial degree of convergence is w = 3 — 14_226 =1+4+¢€ The

Symanzik polynomial is

(=0
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graph G encodes a parametric Feynman integral Naxanishi 1957:
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given by Symanzik polynomaials:
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T' spanning tree e¢T

U = F=m"-U-) a.

Complexity is measured by the loop number ¢, the graph has |F| internal edges and the
theory is situated in D = 4 — 2¢ spacetime dimensions. The scattering amplitude depends on
the masses and momenta of all particles, for simplicity we assume that masses are equal m?
and momenta vanish (Tropical field theory also exists for p # 0 and distinct masses). Each
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The superficial degree of convergence is wg = |E| — Zg. The integrand in the variables a is

U= Z Hae:a1+a2+a3.

T spanning tree eg¢T

The parametric Feynman integral is 2-dimensional, and can in
this simple graph be solved analytically:
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Plot the integrand m as

a function of a; and as:

3

This example is unrealistically simple. In general, one can not

solve the integral analytically, and it might contain poles in the
dimensional regulator variable e.

In mathematics, a tropicalization means, roughly, replacing a polynomial
by its maximum monomial [Speyer and Sturmfels 2009). 1t depends on the numerical
values of the variables which monomial
is the maximum, e.g. for x > 0:

3 0<z<3,
03 2 4 6 flx)=3+4z+2° = fO@)={w i<s<a
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This first arised in the tropical semiring, the
(mathematical) ring which has real numbers, but operations addition
and minimum instead of multiplication and addition,

(+, +) = (+, min).

It was first studied by Christian Choffrut and Imre Simon working

in Sao Paulo, Brasil [simon 1985 The original context was in computer
science, namely representing the steps of a computer program
(automaton) by moving along the edges of a graph.

Example: Compute the shortest route on a map (=graph). One needs
to add the travel times of the individual segments, and then take the
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minimum among all routes.

(D Tropical integrals as approximation

Divergences and renormalization

The combinatorial formula indicates that Z;, [G] can have poles in € when

Combinatorial formula any of the wae is proportional to €. This happens when this subgraph

G7 is superficially log-divergent, i.e. it is a vertex graph. Conversely, a

The tropical integral (%) is a sum of integrals over monomials, one for each Hepp propagator-type graph does not give rise to subdivergences.

sector. In the static (=zero external momentum) case, sectors are encoded by the = coupling renormalization, but no wave function renormalization (this

orderings o of the edges of the graph. The integral in each sector is an inverse of true more generally for long-range theories £ < 1). One could introduce

the degree of convergence w, = |E,| — K%. This yields the combinatorial formula 4 2-valent mass terms and find mass renormalization.

1 Multiplicative renormalization works as usual; introduce reference scale
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(o and counterterms:

Zu|G] = M_QwG Z

ngng . .

Goal: Construct an approximation for the Feynman integral
g
a
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We integrate over a, > 0, and all coeflicients in U are positive.
= for fixed aq, ..
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Ua) = Z (positive monomials H ae).
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largest monomial) *
., a|g|—1, replace

H ae =: Uy (a).
e¢T

Hence U > (largest monomial), or equivalently 7 < (
Concretely, for given numerical values of aq, . .
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T spanning tree e¢T

Ua) =

max
T spanning tree

Likewise, replace ) a, — max, a., obtain tropical Feynman integral
a.) ¢
(*) )

TG = D(we) 2 / / da, (e O
U 2
The tropicalization captures the true behaviour as a; — oo (i.e. (sub-)
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divergences, asymptotics). Modulo constants, Zi,[G] is a strict upper and lower
bound (“Hepp bound”) of Z|G]. Has been used to prove renormalizability (epp
1966 and Borel summability [de calan and Rivassean 1981] of perturbative QFT.

Example: Triangle at zero momentum. Integrand is L%, replace by ﬁ,
tr
a;  ifa; >1&a; > ao,
Z/[tl” — maX{al,GQ,l} = < as if ag > 1&CLQ>CL1,
1 else.

(coincidence that it is piecewise linear here. Generally it is piecewise monomial)
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0 0 1 1 0 ay 1 0 ay

As expected,

Solving the integral over the monomial is easy in each domain:

7.|G] = 3

1V

A=ug-Z .
This formula shows that (i) Trees have Z,[T] = 1, and Zi,;|G] factorizes when Ho'9 - Zg(g,€)

(i) G is disconnected, (iii) G'is 1-edge connected, or (iv) G is 1-vertex connected. This replacement gives rise to a renormalized 1Pl generating function

Example: The 1-loop cycle graphs 7, with n edges have w,, =n — 2 + €.

n=Q n=0 7“3272&, 7“42:):(:

Removing any one edge produces a tree. Since Zy,[T] = 1 for every tree T,

Grlp,9) =G (gp, ,uzeng), which satsifies the tropical loop equation
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where we introduced the beta function
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Comidoe 1 Z . Comidge M The concrete function depends on a choice of renormalization scheme.
€+mn—2 el €+mn—2 Example: Tropical ¢* theory in the minimal subtraction (MS) scheme:
Recurrence relations: Remove one edge from arbitrary 1PI graph. This reduces BMS) = _9¢g + 6g2 — 36¢° + 522¢* — 11256¢° + 1221063 g% — 972?300797 ==

¢ by 1, and produces either a tree of 1PI graphs, or not:
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= recurrence relation for 1PI graphs. Introduce (unrenormalized) 1PI generating

(have computed 400 rational terms in [Balduf and Panzer 2025], amounts to 108 diagrams.)

For comparison, in non-tropical @] o, theory [semets 2023)

- ()
BMS) 5 —9¢g + 3¢% — 5.667¢% + 32.55¢% — 271.6¢° + 2849¢° — 3477697 + . ...

. Alternatively, define a “kinematic”’/MOM scheme by evaluating at
function

Gp, A) = Z Z rg))\tg’_n: _%2 _ <;\51<(]6V_+1§2 N

[t = L1y, so that the 4-point function equals the renormalized coupling:

N 2 2 4
(N +2)¢ ¢>A+....

12(e — 1) o g = glu,€) = Gu(g, pp = pio; €).

Tropical ¢* theory

(D tropicalization of 1

(perturbative) phase structure of ¢* theory

~ possibly non-unitary ~

4-dimensional integrals

0.5

@ 0-dimensional ¢* theory

~ short range

@ blow-up of joint
limit D — 0 and & — 0

(2) Long-range field theory
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(3) Zero-dimensional field theory

SatiSﬁeS the tTOp'Z:CCLl lOOp equatiOn [Borinsky 2025; Balduf and Panzer 2025] Vlewed as Counterterm7 thlS 15 Slmply Zg (97 6) - 1/G4('u - MO) Leads
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to a beta function that depends non-trivially on e, starting with

— N.

(26)\(% + (1 —€)pd, — (4 — 26))9 = p? — (MOM) __ . o ; s s 735039 39225231
15 = 6g° — 36g° + 441g* — 8061g° + 9 T g g'+...+0().

Large loop orders

Perturbation series are factorially divergent. Qualitatively for n — oo: Large-order growth rate of the tropical beta function:

Measure (this is harder than it looks) growth rate, find for n — oo

5 3.021658 3.35  0.94] 1.1
@QMS)~1.0858867-(—3)”F(n+—) (1— + ==+ o8(n) _ )

lg"1B(g) = B ~ S -T'(n+b)-a" + subleading corrections,

with constants S, b, a. The Borel transform converges: 5 Ve RCTE - -
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Consider a system (e.g. lattice or field theory) where the interaction is not
just between nearest neighbours, but decays with a power law with distance,

Hiy ~ (47) % / / 4Py a0y AT T)

‘T’D—i—a

One uses the convention o = 2§ to write this as an action

/
S = / A"z %qs(—auaﬂ)fm —(sz 2A¢4

In Feynman integrals, such a theory has propagators
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Recall that the Lo, norm amounts to the maximum:

1 1 £

lim clyf + ng§ + ...
§—0

= max{y1, Y2, ...} (thec; # 0 don’t matter).

The integrand in the Feynman integral is U -7 To get, overall power £ in
the exponent, set the dimension D = £ - (4 — 2¢) and introduce wg = £ - wg

(where wg = |E| — ¢35%). Then lim¢_y Z|G] = Zi;[G] becomes ().

Zero-dimensional field theory arises by setting D = 0 in the original theory.
The spacetime integral is then absent altogether, the action is a simple
function of the field variable ¢,

¢*  A¢?)’

The the “path integral” becomes an ordinary 1-dimensional integral, which

S j9,

can be solved in closed form Baiduf and Thiirigen 2024]

© dp ¢ = T(2n+Ek+ L) 2 (—g)
Z = — .
/OO (zﬂ)%e ;; 6200 (k +Y)  klnl

This sum counts graphs, i.e. it gives the value unity to each Feynman
integral, and only weights them with their combinatorial factors.
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Tropical field theory is a generalization: Instead of the value unity for each
graph, use the combinatorial formula below. Indeed, tropical field theory
reduces to the zero-dimensional one if one sets € =2, s0 D =4 —2¢ =0 .

Bl = >

Singularity structure of B[] encodes growth rates of 3,. Example:

< oo for small enough .

just % There are also log(n), log(n)?, .. .. < the leading singularity is at u =

Factor 3" compared to 1" in conventional ¢} theory. This has corrections 3=, Lot

1

—3 iS .

This is more complicated than what is discussed in existing ¢ asymptotics literature.

We don’t know if this structure is an artifact of tropicalization.

Borel plane of tr
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Borel resummation is given by the Laplace-Borel integral
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= Behaviour of B[5](u) along positive real line in Borel plane is crucial.
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400 terms

Expectations from the ancient literature:
[Beneke 1999)

1B
o

[t Hooft 1977]
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Physics Reports 317 (1999) 1-142

www.elsevier.com/locate/physrep
CAN WE MAKE SENSE OUT OF "QUANTUM CHROMODYNAMICS'"?

Renormalons

M. Beneke

G. 't Hooft
2.4. The Borel plane
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‘We summarize what is known about singularities in the Borel plane. Recalling the definition of
the Borel transform (2.5), the Borel plane for the Adler function (current-current correlation -2
functions) is portrayed in Fig. 3. Note that the figure does not show what is not known. We
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Fig. &4 Singularities in the Borel z variable for At
The units are 16m%/3. The question mark denotes —
the singularity that may be cancelled according att=mify m=12,
to Parisi's mechanism.

=]

270 terms

Fig.3. Singularities in the Borel planc of f1(Q?), the current-current correlation function in QCD. Shown are the singular
points, but not the cuts attached to cach of them. Recall that fo < 0 according to Eq. (2.18).

o

opical beta function in MS:

e Instanton singularity at —=

5, COITe-

sponding to growth (—3)".

e (-fold confluent algebraic with expo-
nents b + % for i € {0,...,5}, where

e We clearly resolve 2-instanton singu-
larity at —%, and 3-instanton at —1.

e No singularities on positive real axis.

Borel plane of tropical beta function in MOM.:

e Similar instanton singularities.

e Additionally renormalon singularities
on the positive real axis.

e For N =1, leading renormalon is at
+%. Moves linearly with V.

e There are also renormalons on the
negative real axis.

Numerical correlations and sampling

(4) Local potential approximation

. -2
J = cpgRa
o . . j2 . 2
energy/partition function, W =: —& 4 u(j,t, m?),
static tropical ¢* theory satisfies the renormalization flow equation

D —2 N—1

T'j&jU“—D'U—(ajU)Z‘l—T

D—2 . N-—1

———JjOjp+ D -plogp + ——0;p.
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&u = 372?1} —
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Using a scale variable ¢t := log (%), the renormalized 1PI generating function (quantum

effective potential) satisfies the Callan-Symanzik equation: 3-0,Gr = —0,Gr.
the connected generating function (Helmholtz free energy) through a Legendre transform

W = j - — Gg. Split off free field theory 4 to obtain non-free part of free

p(4,t,m?) = e " In dimension D,

Literature:

One introduces (Felder 1987 [Zumbach 1994]
Commumca-h'ons in
Physics

© Springer-Verlag 1987

Commun. Math. Phys. 111, 101-121 (1987) cLeAn
NU
PHYSICS B [FS]

Nuclear Physics B413 (1994) 754-770
North-Holland

The renormalization group in the local potential
approximation and its applications to the O(») model

Renormalization Group
in the Local Potential Approximation

Gil Zumbach
Harvard University, Department of Physics, Cambridge MA 02138, USA
Received 28 July 1993

(Revised 6 September 1993)
Accepted for publication 10 September 1993

Giovanni Felder

Institut des Hautes Etudes Scientifiques, 35, route de Chartres, F-91440 Bures-sur-Yvette,
France

enough so as to contain the main physics. In this paper, we want to explore these

In this paper, we study a continuous scale version of the hierarchical model. It two issues on the simplest approximation of the RG called the local potential

is given by the partial differential equation approximation (LPA). For a model with n (boson) fields ¢;,i = 1,...,n, the
d_2 equation is
=it — Xt du—4uZ, (1.1 d-2
2 aplgint) = 0fu— ——pd +dulny, (n
describing the flow of the effective potential u(t, x) on momentum scale e~ as a where 12(¢;,1) = exp(—v(g;,1)) is the density corresponding to the potential
function of the field xeR. A similar equation was studied numerically by v, & = 0/dg;, d is the space dimensionality and the RG “time” { corresponds
Hasenfratz and Hasenfratz [9] who found a non-trivial fixed point in three to the cut-off = — In(A4/4p). At this point, we make no assumption about the

dimensions. Brydges and Kennedy [10] also studied similar equations in

N 5 . symmetries of u with respect to ¢;.
connection with the Mayer expansion.

Clearly Zi, > Z. For ¢} _,, diagrams without subdivergence, we know the % residue
of ~ 2-10° diagrams ¢ < 18 numerically [Baiaur2023. Compare to tropical: There is

almost a power law relation, logZ ~ c¢; 4+ cologZi,. = Zi, preserves relative size.

With subdivergence, there is still strong correlation of contributions to M5,

Vertex graphs without subdivergences Contributions to SMS at £ =6
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T, (tropical theory) tropical theory

These correlations are being used for importance sampling of graphs [Baduf and Shaban

2024], and Hepp sectors [Borinsky, Munch, and Tellander 2023; Borinsky 2023; Borinsky and Fraaije 2025; Borinsky 2025].
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