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Introduction

Theorem [Balduf and Hu 2025]. The topological form is the Pfaffian form,

ag = ¢¢ (up to constants).

Paul-H. Balduf Graph differential forms from quantum field theory 2


https://paulbalduf.com/research

Introduction
o

Introduction

Theorem [Balduf and Hu 2025]. The topological form is the Pfaffian form,

ag = ¢¢ (up to constants).

» Simone has shown you the Pfaffian form ¢g.
The present talk is about the topological form ag.
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Introduction
o

Introduction

Theorem [Balduf and Hu 2025]. The topological form is the Pfaffian form,

ag = ¢¢ (up to constants).

» Simone has shown you the Pfaffian form ¢g.
The present talk is about the topological form ag.
» We try to get a qualitative picture of what is going on:
The Pfaffian form is a Feynman integral of a topological quantum field theory.
1. What is a Feynman integral?

2. Why would anyone be interested in a topological field theory?
3. What does this equivalence tell us?
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Normal correlation functions
» Let p € R.. Consider a random variable 1) € IR which is distributed e 2PV,

1 V?2
probability density — py(x) = =-e" 2%, where ¢ = Y1 [Gauss 1809].
c p
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Normal correlation functions
» Let p € R.. Consider a random variable 1) € IR which is distributed e 2PV,

. . 1 V2
probability density — py(x) = =-e" 2%, where ¢ = Y1 [Gauss 1809].
¢ P
» We can compute expectations of powers (moments):

p2
]E(w) = /IR dx x - Pqp(X) = \/% /R dx X677X2 =0 (i.e. has mean zero),
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Normal correlation functions
» Let p € R.. Consider a random variable 1) € IR which is distributed e 2PV,

. . 1 V2
probability density — py(x) = =-e" 2%, where ¢ = Y1 [Gauss 1809].
¢ P
» We can compute expectations of powers (moments):

p2
]E(w) = /IR dx x - Pqp(X) = \/% /R dx X677X2 =0 (i.e. has mean zero),

2, 1 2 2

E(y?) = \/%~/]R dx x2e~ 5% = 2 E(4?) = V%/R dx x3e~ 7% =0,
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Normal correlation functions
» Let p € R.. Consider a random variable 1) € IR which is distributed e 2PV,

1 V?2
probability density — py(x) = = - e*TXZ, where ¢ = Y1 [Gauss 1809].
c p

» We can compute expectations of powers (moments):

p22

dx xe”2* =0 (i.e. has mean zero),

B(w) = [ doxpulx) = =

]E(wz):\/%/k dx e~ 7 =

2

E(y*) = 7p77r /]R dx xte= 7% =

o2
E(4?) = V%/R dx x3e~ 7% =0,

=3.-E(1)?)%. < observe: square of (7).

Tlw = S—
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Normal correlation functions
» Let p € R.. Consider a random variable 1) € IR which is distributed e 2PV,

2
_p2

1 V?2
probability density — py(x) = =-e" 2%, where ¢ = Y1 [Gauss 1809].
c p

» We can compute expectations of powers (moments):

B2 .
dx xe”2* =0 (i.e. has mean zero),

B(w) = [ daxx-pul)

e

__P
V2T

2 2 2 2

n_ P Q—Lx_i 3_ P 3,-2x% _
E(w)_m/ﬂadx”z A EW‘@A“*“ =0
3
4

E(y*) = /dxx4e_éx2:
(%) 5z >

» Theorem [Isserlis 1918]: Let 1)1, ...,%, be independent normal distributed with
E(v;) = 0V,. Let P be the set of all partitions of {1,...,n} into pairs, then

E(@r-va) =, [[ Bt

pEP {j.k}ep

=3.-E(1)?)%. < observe: square of (7).
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Feynman graphs
[o] le]elele)

Isserlis’ theorem

» IE(¢); - ¥x) is the covariance, in the simplest case it's constant, E(¢; - 1) = # eR,

i t case Pl
E(¢1wn)zz H E(wj_wk)(smple; )Z(l) .

p2
pEP {j.k}ep peP
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Feynman graphs
[o] le]elele)

Isserlis’ theorem

» IE(¢); - ¥x) is the covariance, in the simplest case it's constant, E(¢; - 1) = # eR,

simplest case 1 i
EWr o)=Y [ E-w) ™ )Z() .
pEP {j,k}ep peP

» The pairs in {1,...,n} can be depicted by edges between the vertices 1,...,n.

1 P2

> E(Y112) ~ o—¢ '—>,712-
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Feynman graphs
[o] le]elele)

Isserlis’ theorem

» E(v; - ¥x) is the covariance, in the simplest case it's constant, E(v; - ¥x) = & € R,

P2
(simplest case) 1 i
E(%"'?ﬁn)zz H E (¢ - 1) = Z z)
pEP {j,k}ep peP
» The pairs in {1,...,n} can be depicted by edges between the vertices 1,...,n.
Y1 L

> E(’(/}ld)z) ~ o—o — rd
> E(¢11ha1)3) ~ ) — 0 (since one can not match 3 objects to form pairs).

Paul-H. Balduf Graph differential forms from quantum field theory 4


https://paulbalduf.com/research

Feynman graphs
[o] le]elele)

Isserlis’ theorem

» IE(¢); - ¥x) is the covariance, in the simplest case it's constant, E(¢; - 1) = # eR,

i t case Pl
E(¢1wn)zz H E(wj_wk)(smple; )Z(plz) .

pEP {j.k}ep peP

» The pairs in {1,...,n} can be depicted by edges between the vertices 1,...,n.

Y1 L

> E(’(/}ld)z) ~ o—o — rd
> E(¢11ha1)3) ~ ) — 0 (since one can not match 3 objects to form pairs).

P13 P13 1 3

—o 2
> E(Y1ot)3ihs) ~ I I + + >< =3 (%) .
*——0

Yo Py Yo Py o Yy

» These are Feynman graphs. Visualize moments of a Gaussian distribution.
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Perturbation series around a Gaussian

» Concrete example: Let ¢ € R be a random variable distributed ﬁe*%*’zwz’%w.
Expand around A = 0 to rewrite as an infinite series:

1 120 A 17X 4\2
pw(x)zze 2P (1—Ex4+§(ﬂx4) :F)
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Perturbation series around a Gaussian

» Concrete example: Let ¢ € R be a random variable distributed ﬁe*%*’zwz’%w.
Expand around A = 0 to rewrite as an infinite series:

1 A A

—lp2x2 4 1 4 2
pw(x)zze 2 (1—Ex +§(EX) :F)

» Second moment (we use ¢1%)2, but here it's the same as 1)?)

1 A )\2 1,22
IE(wl.wz):i/dXX.X’ <1|X4+(4!)2X8:F~..> e 2P X

C
]
cp

p2 8 pb 128p10:F'”
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Perturbation series around a Gaussian

» Concrete example: Let ¢ € R be a random variable distributed ﬁe*%*’zwz’%w.
Expand around A = 0 to rewrite as an infinite series:

1 ioafe A s L1/A 402
p¢(x):ze 2P (1—EX4+§(EX4) :F)

» Second moment (we use ¢1%)2, but here it's the same as 1)?)

1 by 22
E(yy - ¢2) = E/ dx x - x- <1 —!x4+ (4!)2X8:F...> e 3PX

1v2r (1 51 5105 1
Sl (R SN . S0 B
c p p? 8 pb 128 pto

» The terms are Gaussian moments, given by Feynman graphs: (also disconnected graphs
contribute)

u2 +<m2+ '—°> + ...
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[e]e]e] lele]
Feynman rules
» For the distribution o ef%pzwz’%w, perturbation series of the second moment

1 51 105 1
E (¢ - S22
(1 - 9ha) ox = 8 o6 128 p10 F

depicted as Feynman graphs:

Y1 Yo
(0 (0
Y1 U +( 19 2+ .—.) L
v o

» More precisely, the mapping is given by Feynman rules:

Paul-H. Balduf Graph differential forms from quantum field theory 6


https://paulbalduf.com/research

[e]e]e] lele]
Feynman rules
» For the distribution o ef%pzwz’%w, perturbation series of the second moment

1 51 105 1
E (¢ - S22
(1 - 9ha) ox = 8 o6 128 p10 F

depicted as Feynman graphs:

; e Y1 Yo
(o Yo 1 P2
oo + 9w+ ") +
4 o0
¢ ¢4

» More precisely, the mapping is given by Feynman rules:
» When computing E(¢)"), one draws n disjoint “external” 1-valent vertices e.

Paul-H. Balduf Graph differential forms from quantum field theory 6


https://paulbalduf.com/research

[e]e]e] lele]
Feynman rules
» For the distribution o ef%pzwz’%w, perturbation series of the second moment

1 51 105 1
E (¢ - S22
(1 - 9ha) ox = 8 o6 128 p10 F

depicted as Feynman graphs:

/ / lfi’l (;/)2
1 o (2 (05
—o +(=A) ( 9 o + .C.O. ) (=)

» More precisely, the mapping is given by Feynman rules:

» When computing E(¢)"), one draws n disjoint “external” 1-valent vertices e.
> There are 4-valent vertices o from terms (—2x*)*, each of them gives a factor (—\).
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[e]e]e] lele]
Feynman rules
» For the distribution o ef%pzwz’%w, perturbation series of the second moment

1 51 105 1
E (¢ - S22
(1 - 9ha) ox = 8 o6 128 p10 F

depicted as Feynman graphs:

b (1 V2 . °
1. Y1 Y2 (=7 . 9 o (G2
7 e—e o ( 4 + 0 ) T
(4 ot

» More precisely, the mapping is given by Feynman rules:

» When computing E(¢)"), one draws n disjoint “external” 1-valent vertices e.
> There are 4-valent vertices o from terms (—2x*)*, each of them gives a factor (—\).
» All vertices must be “saturated” with edges; every edge gives a factor ‘%.
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[e]e]e] lele]
Feynman rules
» For the distribution o ef%pzwz’%w, perturbation series of the second moment

1 51 105 1
E (¢ - S22
(1 - 9ha) ox = 8 o6 128 p10 F

depicted as Feynman graphs:

d " R 1))

by b _ V1 V2 — o T

#. Y1 P2 +(pj)'( o9 o +1. ) _~_(plko)
{ o

» More precisely, the mapping is given by Feynman rules:

» When computing E(¢)"), one draws n disjoint “external” 1-valent vertices e.
There are 4-valent vertices o from terms (—2x*)*, each of them gives a factor (— ).
All vertices must be “saturated” with edges; every edge gives a factor ‘%.

vwyy

Isserlis: sum over partitions (=labeled graphs), = for unlabeled graphs, there is a

combinatorial factor , where Aut(G) are the automorphisms that keep the external

1

vertices 11, ..., 1, fixed. In particular, every self-loop gives a factor 3.
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[e]e]e] lele]
Feynman rules
» For the distribution o ef%pzwz’%w, perturbation series of the second moment

1 51 105 1
E(6r - SN2 o
(¢1- ¢2) 7 8 o6 128 p10 ¥

depicted as Feynman graphs:

/ / 1 1/)2
/ / (2 o
by _ — — o T
# . P1 2 + ( p;) . ( +=. ) +( pﬁl)
¢4 ¢4

» More precisely, the mapping is given by Feynman rules:

» When computing E(¢)"), one draws n disjoint “external” 1-valent vertices e.
There are 4-valent vertices o from terms (—2x*)*, each of them gives a factor (— ).
All vertices must be “saturated” with edges; every edge gives a factor ‘%.

vwyy

Isserlis: sum over partitions (=labeled graphs), = for unlabeled graphs, there is a

combinatorial factor , where Aut(G) are the automorphisms that keep the external

vertices 11, . .., ¥, fixed. In particular, every self-loop gives a factor 1.

2
» Blackboard Exercise: Confirm % as a sum of 7 graphs.
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Quantum field theory

» QFTs describe quantum, or statistical, systems with very many degrees of freedom
through a field 1(x) € R with x € RP or MP (Minkowski space) or other smooth manifold.
(Think: |¢(x)| =~ particle density at x, or magnetization at x inside some solid, etc.)
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Quantum field theory

» QFTs describe quantum, or statistical, systems with very many degrees of freedom
through a field 1(x) € R with x € RP or MP (Minkowski space) or other smooth manifold.
(Think: |¢(x)| =~ particle density at x, or magnetization at x inside some solid, etc.)

» The field ¢)(x) itself is random, distributed o< e~5[*] with the action S : ¢) — R, which is
a local functional. E.g. (here m and X are real parameters)

Sl = [ 4% (300053000 + 3m0200 + 04(9)) € B
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Quantum field theory

» QFTs describe quantum, or statistical, systems with very many degrees of freedom
through a field 1(x) € R with x € RP or MP (Minkowski space) or other smooth manifold.
(Think: |¢(x)| =~ particle density at x, or magnetization at x inside some solid, etc.)

» The field ¢)(x) itself is random, distributed o< e~5[*] with the action S : ¢) — R, which is
a local functional. E.g. (here m and X are real parameters)

Sl = [ 4% (300053000 + 3m0200 + 04(9)) € B

» Random variable 1)(x) itself is not observable, but one can measure correlation functions
between n € Ng points. Schematically expressed through path integral

Gn(x1, X2y« vy Xn) ~ % /Dw V(x ) (x2) - - - (xp) - €S, where  Z := Gy().

( co-dimensional integral, requires much mathematical care to make sense)

» QFTs describe all lab-accessible types of matter, and electromagnetism and the weak and
strong nuclear forces (Standard Model of particle physics).
Also condensed matter (magnets, phase transitions, superconductors, turbulence, etc).
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Feynman graphs
[e]e]e]e]e] )

Feynman integrals

» Typically, one can't compute a path integral analytically. Rather, expand it perturbatively.
» Quadratic part of the action gives rise to a Gaussian integral,

1 d2 1
S[Y] = / dDX(Ew(X) <_dx2 + m2> P(x)+A a¢4(x)) =S¢ + \S,.
S——
quadratic interaction
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Feynman graphs
[e]e]e]e]e] )

Feynman integrals

» Typically, one can't compute a path integral analytically. Rather, expand it perturbatively.
» Quadratic part of the action gives rise to a Gaussian integral,

1 d2 1
S[Y] = / dDX(Ew(X) <_dx2 + m2> P(x)+A a¢4(x)) =S¢ + \S,.
S——
quadratic interaction

» Expose the Gaussian, expand interaction:

e 2 =e % (1-\S5 + NS F...).
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Feynman graphs
[e]e]e]e]e] )

Feynman integrals

» Typically, one can't compute a path integral analytically. Rather, expand it perturbatively.
» Quadratic part of the action gives rise to a Gaussian integral,

1 d2 1
S[Y] = / dDX(Ew(X) <_dx2 + m2> P(x)+A a¢4(x)) =S¢ + \S,.
S——
quadratic interaction

» Expose the Gaussian, expand interaction:
e =e (1A + NS F...).

» Recall 3 slides earlier: Each power of S; amounts to a polynomial in ¢(y;) (this time
integrated over y;). Hence, each order in X is a moment of a multivariate Gaussian
distribution, depicted by Feynman graphs.
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Feynman graphs
[e]e]e]e]e] )

Feynman integrals

» Typically, one can't compute a path integral analytically. Rather, expand it perturbatively.
» Quadratic part of the action gives rise to a Gaussian integral,

S[v] = / a®x( %w(x) ( dd22 +m ) D(x) +A %1/)4(X)) — S+ AS..

interaction

quadratic

» Expose the Gaussian, expand interaction:
e =e (1A + NS F...).

» Recall 3 slides earlier: Each power of S; amounts to a polynomial in ¢(y;) (this time
integrated over y;). Hence, each order in X is a moment of a multivariate Gaussian
distribution, depicted by Feynman graphs.

» Crucial difference: Covariance % now becomes inverse differential operator (propagator)
1
( — d?/dx* + m2) P(x) ZcC. i(x), =P= P (this is Fourier transformed).

Each term is integrated over the internal vertex positions y;. Feynman integral for each
graph has the form fM\Vl dy [lece Pe(Yer — Ye-) (cf. Florian’s & Konstantin's talks).
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Topological QFT
00000000

Motivation for topological quantum field theories

» First motivation: Required for a QFT of general relativity.

» Is invariant under arbitrary smooth coordinate transformations x — x’. Riemannian metric
tensor g itself is the field variable, i.e. a dynamical degree of freedom.
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Topological QFT
00000000

Motivation for topological quantum field theories

» First motivation: Required for a QFT of general relativity.

» Is invariant under arbitrary smooth coordinate transformations x — x’. Riemannian metric
tensor g itself is the field variable, i.e. a dynamical degree of freedom.
» Path integral with the Einstein-Hilbert action on curved Riemannian manifold M

z- / Dg e el Spulg] = / d'x \/detgR(g).
M
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Topological QFT
00000000

Motivation for topological quantum field theories

» First motivation: Required for a QFT of general relativity.

» Is invariant under arbitrary smooth coordinate transformations x — x’. Riemannian metric
tensor g itself is the field variable, i.e. a dynamical degree of freedom.
» Path integral with the Einstein-Hilbert action on curved Riemannian manifold M

z- / Dg e el Spulg] = / d'x \/detgR(g).
M

» g is an integration variable, correlation functions G, must be independent of g
» Value of Gp(x1,...,xn) is independent of all x;, but depends on n and on topology of space.
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Topological QFT
00000000

Motivation for topological quantum field theories

» First motivation: Required for a QFT of general relativity.

» Is invariant under arbitrary smooth coordinate transformations x — x’. Riemannian metric
tensor g itself is the field variable, i.e. a dynamical degree of freedom.
» Path integral with the Einstein-Hilbert action on curved Riemannian manifold M

z- / Dg e el Spulg] = / d'x \/detgR(g).
M

» g is an integration variable, correlation functions G, must be independent of g
» Value of Gp(x1,...,xn) is independent of all x;, but depends on n and on topology of space.

» Second motivation: Study mathematical properties of QFT

» For typical QFT, Gu(xi,...,xns) is very complicated function of arguments. As a “base
case”, first try to understand the case where it is topological.
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Topological QFT
00000000

Motivation for topological quantum field theories

» First motivation: Required for a QFT of general relativity.
» Is invariant under arbitrary smooth coordinate transformations x — x’. Riemannian metric
tensor g itself is the field variable, i.e. a dynamical degree of freedom.
» Path integral with the Einstein-Hilbert action on curved Riemannian manifold M

z- / Dg e el Spulg] = / d'x \/detgR(g).
M

» g is an integration variable, correlation functions G, must be independent of g
» Value of Gp(x1,...,xn) is independent of all x;, but depends on n and on topology of space.

» Second motivation: Study mathematical properties of QFT
» For typical QFT, Gu(xi,...,xns) is very complicated function of arguments. As a “base
case”, first try to understand the case where it is topological.
» Conversely, a topological QFT can be used to study questions of topology

e.g. use Chern-Simons theory
with

S:/w/\ d¢+§www

to study knots [Witten 1988] or
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Ways to obtain a topological QFT

» Plain averaging over metric: Choose any action S[g,,...] and declare g a dynamical
variable. Path integral is over g and correlation functions are independent of g,

Z= /Dgpzp e Sleved
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Ways to obtain a topological QFT

» Plain averaging over metric: Choose any action S[g,,...] and declare g a dynamical
variable. Path integral is over g and correlation functions are independent of g,

Z= /Dgpzp e Sleved

» Functorial axiomatic definition [Atiyah 1989; Segal 2001], see [Carqueville and Runkel 2018]:
A D-dimensional topological quantum field theory is a symmetric monoidal functor
Z : Bordp — Vecy (where Bordp is the category of D-dimensional bordisms, Vecy is the
category of vector spaces over a field k, and Z is the avatar of the physical path integral).
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Ways to obtain a topological QFT

» Plain averaging over metric: Choose any action S[g,,...] and declare g a dynamical
variable. Path integral is over g and correlation functions are independent of g,

Z= /Dgpzp e Sleved

» Functorial axiomatic definition [Atiyah 1989; Segal 2001], see [Carqueville and Runkel 2018]:
A D-dimensional topological quantum field theory is a symmetric monoidal functor
Z : Bordp — Vecy (where Bordp is the category of D-dimensional bordisms, Vecy is the
category of vector spaces over a field k, and Z is the avatar of the physical path integral).

» Supersymmetric twists [Witten 1982], see e.g. [Beem et al. 2020].

1. Assume there is an operator Q (“supersymmetry”) and one or more additional operators Q,,
s.t. [Q, Qu] = iP, is generator of spacetime translation.  (generally, an “operator” is a
differential operator polynomial in field variables).
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Ways to obtain a topological QFT

» Plain averaging over metric: Choose any action S[g,,...] and declare g a dynamical
variable. Path integral is over g and correlation functions are independent of g,

Z= /Dgpzp e Sleved

» Functorial axiomatic definition [Atiyah 1989; Segal 2001], see [Carqueville and Runkel 2018]:
A D-dimensional topological quantum field theory is a symmetric monoidal functor
Z : Bordp — Vecy (where Bordp is the category of D-dimensional bordisms, Vecy is the
category of vector spaces over a field k, and Z is the avatar of the physical path integral).
» Supersymmetric twists [Witten 1982], see e.g. [Beem et al. 2020].
1. Assume there is an operator Q (“supersymmetry”) and one or more additional operators Q,,
s.t. [Q, Qu] = iP, is generator of spacetime translation.  (generally, an “operator” is a
differential operator polynomial in field variables).
2. Use BRST formalism [Becchi, Rouet, and Stora 1974; Fradkin and Tyutin 1970], see [Henneaux
1990]: Declare an operator A “physical” if QA = 0 (=Q-closed). Since Q% =0, the physical
operators span the zeroth Q-cohomology group.
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Ways to obtain a topological QFT

» Plain averaging over metric: Choose any action S[g,,...] and declare g a dynamical
variable. Path integral is over g and correlation functions are independent of g,

Z= /Dgpzp e Sleved

» Functorial axiomatic definition [Atiyah 1989; Segal 2001], see [Carqueville and Runkel 2018]:
A D-dimensional topological quantum field theory is a symmetric monoidal functor
Z : Bordp — Vecy (where Bordp is the category of D-dimensional bordisms, Vecy is the
category of vector spaces over a field k, and Z is the avatar of the physical path integral).

» Supersymmetric twists [Witten 1982], see e.g. [Beem et al. 2020].

1. Assume there is an operator Q (“supersymmetry”) and one or more additional operators Q,,
s.t. [Q, Qu] = iP, is generator of spacetime translation.  (generally, an “operator” is a
differential operator polynomial in field variables).

2. Use BRST formalism [Becchi, Rouet, and Stora 1974; Fradkin and Tyutin 1970], see [Henneaux
1990]: Declare an operator A “physical” if QA = 0 (=Q-closed). Since Q% =0, the physical
operators span the zeroth Q-cohomology group.

3. For arbitrary Q-closed operators A(x), this implies that 9,A(x) = Q(Q,A(x)) is exact and
hence not a physical observable: A(x) is independent of x.
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Brackets

» Concentrate on the local operations that are available in all topological QFTs (regardless of
global topological things that might be present additionally)
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Brackets

» Concentrate on the local operations that are available in all topological QFTs (regardless of
global topological things that might be present additionally)

» We work in perturbative QFT, let A; be local operators (in particular A; = 1 is allowed).
Expand path integral [ Dy A; - -+ Ap,e—3[¥1 as power series, obtain Feynman integrals over
polynomials of A; and .
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Brackets
» Concentrate on the local operations that are available in all topological QFTs (regardless of

global topological things that might be present additionally)

» We work in perturbative QFT, let A; be local operators (in particular A; = 1 is allowed).
Expand path integral [ Dy A; - -+ Ap,e—3[¥1 as power series, obtain Feynman integrals over
polynomials of A; and .

» Even if A; itself is topologically invariant (i.e. QA; = 0), these higher order terms might
not be. This effect is called anomaly.

» Anomaly is given by a particular n-point function G, a bracket [Gaiotto, Kulp, and Wu 2025]

{A1,..., Ak} =Q </ Ap--- Ak) (configuration space integral).
Rn(k—1)

Our goal: Compute this quantity!
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Brackets

» Concentrate on the local operations that are available in all topological QFTs (regardless of
global topological things that might be present additionally)

» We work in perturbative QFT, let A; be local operators (in particular A; = 1 is allowed).
Expand path integral [ Dy A; - -+ Ap,e—3[¥1 as power series, obtain Feynman integrals over
polynomials of A; and .

» Even if A; itself is topologically invariant (i.e. QA; = 0), these higher order terms might
not be. This effect is called anomaly.

» Anomaly is given by a particular n-point function G, a bracket [Gaiotto, Kulp, and Wu 2025]

{A1,..., Ak} =Q </ Ap--- Ak) (configuration space integral).
Rn(k—1)

Our goal: Compute this quantity!
» The integral is a sum over Feynman integrals with k vertices in the n-dimensional TQFT,

1
{Al,A2,...} = Z m /G H Hwi,v-

connected graphs G veVe i
L External leg structure
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TQFT Propagator P,(x)

» To compute Feynman integrals, we need to know the propagator of the theory.

» Here: n-dimensional topological QFT, position space X = (X(l), e ,X("))T with action

S = / d"x A dyp,  where  d= dxMd g + dxPd o + ...+ dxMD .
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[e]e]e] lelelele)
TQFT Propagator P,(x)
» To compute Feynman integrals, we need to know the propagator of the theory.

» Here: n-dimensional topological QFT, position space X = (X(l), e ,X("))T with action

S = / d"x A dyp,  where  d= dxMd g + dxPd o + ...+ dxMD .

n

» Propagator is Green function of d, defined by dP,(X) = ﬁzrj) 6"(X) dxM AL A dx(),
2

For arbitrary n:

b S T A A ax0) A dx(®
n(X)— >n — ——n .
x| XX
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[e]e]e] lelelele)
TQFT Propagator P,(x)
» To compute Feynman integrals, we need to know the propagator of the theory.

» Here: n-dimensional topological QFT, position space X = (X(l), e ,X("))T with action

S = / d"x A dyp,  where  d= dxMd g + dxPd o + ...+ dxMD .

n

» Propagator is Green function of d, defined by dP,(X) = ﬁ?j 6"(X) dxM AL A dx(),

[SIE
N

For arbitrary n:

Q, S0 (~1¥x9 dx® A dx0) A dx(o)

Pn()?) = H‘n = n

XX

» 2, is the projective n-dimensional volume form (= infinitesimal surface element in spherical
coordinates). In particular

X x@ dx® — xW 4x@ 22 pde + r2cos? pdg
P, = — =sgn(x), P, = 5 5 = 5 =
x| x4 x(@ r

do.
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Parametric representation of the TQFT propagator P,(x)

» Recall integral representation of Euler gamma function,

1 1 /°° 1 _ﬁd
= — ——e 2 da.
AT o 2F

(In most of the QFT literature, this is done with a variable t = % Here, UV limit is a — 0)

Paul-H. Balduf Graph differential forms from quantum field theory 13
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Topological QFT
[e]e]e]e] lelele)

Parametric representation of the TQFT propagator P,(x)

» Recall integral representation of Euler gamma function,

1 1 /°° 1 _ﬁd
= — ——e 2 da.
AT TR Jo 2F

(In most of the QFT literature, this is done with a variable t = % Here, UV limit is a — 0)

» For each component xU) introduce [Gaiotto, Kulp, and Wu 2025; Budzik et al. 2023]

; G , dxW) ()
sU) = X—, then dsV) = Xl X + da.
\/5 a2 2az
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Parametric representation of the TQFT propagator P,(x)

» Recall integral representation of Euler gamma function,

1 1 /°° 1 _ﬁd
= — ——e 2 da.
AT TR Jo 2F

(In most of the QFT literature, this is done with a variable t = % Here, UV limit is a — 0)

» For each component xU) introduce [Gaiotto, Kulp, and Wu 2025; Budzik et al. 2023]

; G , )] ()
sU) = X—, then dsV) = Xm X = da.
\/5 a2 2az

» Product of n such factors reproduces €2,,:

dx® AL A dx(M danQ
(1) (n) — n
dsD AL A ds = +
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Topological QFT
[e]e]e]e] lelele)

Parametric representation of the TQFT propagator P,(x)

» Recall integral representation of Euler gamma function,

1 1 /°° 1 _ﬁd
= — ——e 2 da.
AT TR Jo 2F

(In most of the QFT literature, this is done with a variable t = % Here, UV limit is a — 0)

» For each component xU) introduce [Gaiotto, Kulp, and Wu 2025; Budzik et al. 2023]

; G , dxW) ()
sU) = X—, then dsV) = Xl X = da.
\/5 a2 2az

» Product of n such factors reproduces €2,,:

dx® AL A dx(M danQ
(1) (n) — n
dsD AL A ds = +

» If one integrates the variable a, first term vanishes, and
/Oo e dsW AL A ds(M) = rGz) an = r)
220 2 (¥2)2 2
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The topological form

» Notice that the parametric integrand for a single propagator factorizes:

32

e dsW AL A ds) = e_s(l)2 ds® A e_s(z)2 ds@ A e ds® A L.
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The topological form
» Notice that the parametric integrand for a single propagator factorizes:
e dsW AL A ds = e_s(l)2 ds® A e_s(z)2 ds® A e_s(3>2 ds® AL
» This holds also for the product of propagators, with a distinct Schwinger parameter a, for

each edge with start/end coordinates x* € R. Collect all terms of one sU) (i.e. terms
corresponding to one spacial dimension). The integral has the form

/G:/ac;/\a(;/\...
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The topological form
» Notice that the parametric integrand for a single propagator factorizes:
e dsW AL A ds = e_s(l)2 ds® A e_s(z)2 ds® A e_s(3>2 ds® AL

» This holds also for the product of propagators, with a distinct Schwinger parameter a, for
each edge with start/end coordinates x* € R. Collect all terms of one sU) (i.e. terms
corresponding to one spacial dimension). The integral has the form

/G:/ac;/\a(;/\...

» One obtains the topological form (differential form of degree ¢)

1 2 xt —xT

ag =7 [ /\ e % ds, where s, = —~*—°,
c Va
m™o2 ecEg €

RIVel-1

This is a differential form of degree ¢ = |E| — |V/| + 1 (=number of linearly independent
cycles) in dae.

Paul-H. Balduf Graph differential forms from quantum field theory 14


https://paulbalduf.com/research

Topological QFT
00000080

Connecting with the Pfaffian form

» Key results of [Balduf and Gaiotto 2025]:

1 o o
ag=—————75 >, det(I[T)| > U@ et | A dg,
T4 (5 UG T shanning ocST FET

Here 1 is the edge-vertex incidence matrix, Ug is the Symanzik polynomial, U/ are
edge-induced Dodgson polynomials (all of these can be produced easily with a computer).
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Topological QFT
00000080

Connecting with the Pfaffian form

» Key results of [Balduf and Gaiotto 2025]:

1 o o2
ag = . Z det (I[T]) Z ug(fl)ﬂ(fé) .. ‘UG(f"'—l)’ (fe) /\ dar.

) Z+
7T (§)| Z/{ T spanning cEGCH feT
tree

Here 1 is the edge-vertex incidence matrix, Ug is the Symanzik polynomial, U/ are
edge-induced Dodgson polynomials (all of these can be produced easily with a computer).

» An analogous formula holds for the Pfaffian form ¢¢s. Hence:

Theorem [Balduf and Hu 2025]. The topological form is the Pfaffian form,

aG = ¢¢ (up to constants).
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Topological QFT
0000000

Reminder: The role of the Pfaffian form

> Recall that canonical forms B! =tr ((d - ~1)*+1) [Brown 2021] are well defined
on the even graph complex. (also see Jean-Luc's talk)

» The odd graph complex requires a form that flips sign in the same way as the graphs do.
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Topological QFT
0000000

Reminder: The role of the Pfaffian form

> Recall that canonical forms B! =tr ((d - ~1)*+1) [Brown 2021] are well defined
on the even graph complex. (also see Jean-Luc's talk)

» The odd graph complex requires a form that flips sign in the same way as the graphs do.

» The Pfaffian form ¢¢ has this property [Brown, Hu, and Panzer 2024], it is an orientation
form. Concretely, for a cycle Laplacian +— AT A we have

ALy giktL but ¢+ det(A)g.

= fG o6 Aw is well-defined on the odd graph complex, where w is any product of 5 forms.
» Can use [ ¢ Aw to compute homology (see Simone's talk).
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Consequences

» An example where Feynman graph cohomology has a concrete meaning for physics.
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Consequences

» An example where Feynman graph cohomology has a concrete meaning for physics.

» Obtained a new representation for ag. Since ¢¢ is (directly) given by matrices,
many of its properties follow easily from linear algebra.

» dag =0, and [ ag is finite, projective, well-defined under change of labelings, etc.
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Consequences

» An example where Feynman graph cohomology has a concrete meaning for physics.

» Obtained a new representation for ag. Since ¢¢ is (directly) given by matrices,
many of its properties follow easily from linear algebra.

» dag =0, and [ ag is finite, projective, well-defined under change of labelings, etc.

» For example: Contracting (non-tadpole) edge, or inserting 2-valent vertex into edge, is
canonical isomorphism s of cycle space. Then ag = +5*(ag).

— —
a3 V2 Vs t24 ta3

asdai A dap aj(daj + daj) A dag
(2122 + 3203 + 212s)72 (ol + a)al + (o) + 24)d, + a3
(t24 + l'43)(dt12 + dt31) A ditxs
32
((ti2 + t31)t23 + (t12 + t31)(tos + taz) + t3(t2s + ta3)) /

)3/2

—
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Anomaly in 1-dimensional TQFT

> Recall {A1,Aq,.. .} = Z m Ie H de/ﬂf

Graphs G veVs i

symmetry factor A_— External leg structure
Feynman integral
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Consequences
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Anomaly in 1-dimensional TQFT

> Recall {A1,Aq,.. .} = Z m Ie H de/ﬂf

Graphs G veVs i

symmetry factor A_— External leg structure
Feynman integral

» In 1-dim TQFT, local operators A;, A, are polynomials in “field variables” p and g, hence
the “remainder” 1);, can be expressed as deriving A; w.r.t p and g (i.e. leaving out a factor
from a polynomial is proportional to a derivative).
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Anomaly in 1-dimensional TQFT

> Recall {A1,Aq,.. .} = Z m Ie H de/ﬂf

Graphs G veVs i

symmetry factor A_— External leg structure
Feynman integral

» In 1-dim TQFT, local operators A;, A, are polynomials in “field variables” p and g, hence
the “remainder” 1);, can be expressed as deriving A; w.r.t p and g (i.e. leaving out a factor
from a polynomial is proportional to a derivative).

» o is of form degree /, so [ ag # 0 only if [E| = £+ 1, which are multi-edge graphs
(=dipoles) Dy; 1 with £ = 2/. Turns out that

1
Ipy., = /aD2;+1 = for all dipole graphs.
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Dipole sums in 1-dimensional TQFT

» Each edge connects p with g (removes one factor p on the start and one factor g on the end),

e = (0,4) () - () Bpa) = OO 0= (] ).
A As

S = (G (03) — (230p) (B0A) . = i (D0kOn AN B0100 )
1 2
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Dipole sums in 1-dimensional TQFT

» Each edge connects p with g (removes one factor p on the start and one factor g on the end),

e = (0,4) () - () Bpa) = OO 0= (] ).
A As

S = (G (03) — (230p) (B0A) . = i (D0kOn AN B0100 )
1 2

» The sum becomes the Moyal commutator
o0

11 o
{A15A2} = Z Em (nu)z +1 (a2n+1A1) (82n+1A2) '
n=0 :
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Dipole sums in 1-dimensional TQFT

» Each edge connects p with g (removes one factor p on the start and one factor g on the end),

e = (0,4) () - () Bpa) = OO 0= (] ).
A As

S = (G (03) — (230p) (B0A) . = i (D0kOn AN B0100 )
1 2

» The sum becomes the Moyal commutator

o0

11 o
{A15A2} = Z Em (nu)z +1 (a2n+1A1) (82n+1A2) '
n=0 :

» All integrals fG a¢ vanish when G has > 3 vertices < there are no “higher quantum
anomalies”, the Moyal commutator is a consistent “quantization”.

» Remark: Dual complex of graph complex GCs has codifferential § (“insert an edge into
vertex"). Let m be sum of dipoles, then inserting m gives rise to a twisted codifferential ¢’
[Khoroshkin, Willwacher, and Zivkovié 2017], and cohomology w.r.t. 0" is 1-dimensional.
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[e]e]e] le]ele)
Formality theorem
» Kontsevich formality theorem [Kontsevich 2003] says that 2-dimensional topological QFT has

no anomalies, {A,...} =0.

» Proved with some effort in [Balduf and Gaiotto 2025; Wang and Williams 2024]:
ag N ag = 0 for all graphs (and hence in particular [ ag A ag = 0).
Concretely: faG A a¢ are those integrals over boundary of configuration space
which need to vanish to guarantee associativity of star product in [Kontsevich 2003].
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[e]e]e] lelele]
Formality theorem
» Kontsevich formality theorem [Kontsevich 2003] says that 2-dimensional topological QFT has

no anomalies, {A1,...} =0.

» Proved with some effort in [Balduf and Gaiotto 2025; Wang and Williams 2024]:
ag A ag = 0 for all graphs (and hence in particular [ o A ag = 0).
Concretely: [ ag A ag are those integrals over boundary of configuration space
which need to vanish to guarantee associativity of star product in [Kontsevich 2003].

» Now use that a o ¢, and that Pf(A)? = det(A):

b6 A e (Pf(d ~'d ))?=det( V)det(d ~'d)=det( 'd “'d)

det
= det (( —1d )2) =:det(M) = ﬁBn (s1,52,---),

where B, are Bell polynomials and

sp= _@ tr (MJ)
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Formality theorem

» Kontsevich formality theorem [Kontsevich 2003] says that 2-dimensional topological QFT has
no anomalies, {A,...} =0.

» Proved with some effort in [Balduf and Gaiotto 2025; Wang and Williams 2024]:
ag N ag = 0 for all graphs (and hence in particular [ ag A ag = 0).
Concretely: faG A a¢ are those integrals over boundary of configuration space
which need to vanish to guarantee associativity of star product in [Kontsevich 2003].

» Now use that a o ¢, and that Pf(A)? = det(A):
¢GA¢GO<£(Pf(d “1d )2 =det( V)det(d “'d)=det( 'd “'d)

:det(( —1d )2) =: det (M) S1,52,---),

1
= @™

where B, are Bell polynomials and

sj:_(_j—z].)!tr(Mj):_(j_21)!tr(( _1d )2/):_(./_21)'6?;120 V_/

(recall that only 8**! =£ 0 [Brown 2021] due to cyclicity of trace and symmetry of ).
» Hence ¢¢ A ¢ = 0, and therefore ag A ag = 0.
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Holomorphic QFT

» Recall that in topological QFT, Feynman integrals are independent of positions/momenta
of external particles, and the topological form was given by

1 2 xt—x
a6 = ey | /\ e % ds., where s, :=-—*2——°
G /
m™ 2 ecEg e
RIVel-1
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Holomorphic QFT

» Recall that in topological QFT, Feynman integrals are independent of positions/momenta
of external particles, and the topological form was given by

a =1 ...//\6—53 ds where 5-_)(:;;
G — I e e - — \/Z .
e RIVel-1 e€Es
» Analogous, but more complicated: holomorphic QFT, where dependence is only
holomorphic: For D = 2 dimensions, introduce complex positions (x(), x(?) — (x, %),
dependence is only on x.
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Holomorphic QFT

» Recall that in topological QFT, Feynman integrals are independent of positions/momenta
of external particles, and the topological form was given by

1 2 xt — xT
=l A /\ e % ds., where s, :=-—*2——°
=61 \/a
m™ 2 ecEg €

RIVel-1

» Analogous, but more complicated: holomorphic QFT, where dependence is only
holomorphic: For D = 2 dimensions, introduce complex positions (x(), x(?) — (x, %),
dependence is only on x.

» Use Fourier transform (x, X) — (g, g). Additionally, introduce a parameter z. for each
edge. Then, find holomorphic form [Gaiotto, Kulp, and Wu 2025]

g —
Xe Xe

= dXV X —ZeVe—(IX
p6(q,2) = / /\ (27”,)6"” v /\ e ZeYemR)eye qy, where  y, =

de
vel-1) VAV, ecEr

R
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Properties of the holomorphic form

» Recall [Balduf and Hu 2025]: ag oc Pf(d - ~1.d ).

Paul-H. Balduf Graph differential forms from quantum field theory 22


https://paulbalduf.com/research

Consequences
0O0000e0

Properties of the holomorphic form

» Recall [Balduf and Hu 2025]: ag oc Pf(d - ~1.d ).
» New result [PHB, Simone Hu 2026 w.i.p.]: The holomorphic form is

pc (g, Z) o Pf(CT dD By dDC) .

where By, = b bT with b = DML' and L is the vertex-Laplacian.

(Numerous equivalent formulations in terms of other matrices exist)

Furthermore, p is closed (w.r.t. the variables a.), projective, well-defined under choice of
special vertex v, etc.
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Properties of the holomorphic form

» Recall [Balduf and Hu 2025]: ag oc Pf(d - ~1.d ).
» New result [PHB, Simone Hu 2026 w.i.p.]: The holomorphic form is

pc(g,Z) o< Pf(CT dDBsym dIDC) .
where By, = b bT with b = DML' and L is the vertex-Laplacian.
(Numerous equivalent formulations in terms of other matrices exist)

Furthermore, p is closed (w.r.t. the variables a.), projective, well-defined under choice of
special vertex v, etc.

» With this form p, one can compute anomalies in mixed holomorphic-topological QFTs,

I(;:/a(;/\ozc/\.../\p(;/\pc/\....

Formality theorem: There are no anomalies in HT-QFTs with at least 2 topological
directions (i.e. here, the version a A o = 0 is stronger than in the purely topological case).
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Conclusion

» Quantum field theories describe statistical systems, or “random fields”.

» Their perturbation series is given by Feynman integrals, which are simply computing
moments of Gaussian distributions (with complicated covariances).

» Topological QFTs are such that their correlation functions are independent of positions, or
momenta. They are interesting in physics and in mathematics.

» In particular, the Feynman integrals that compute violation of topological symmetry in 1
dimension are the same integrals used to compute graph complex homology.
The topological form equals the Pfaffian form.

» There is an analogous Feynman integral p for Holomorphic QFTs, which again has a
representation as Pfaffian of a certain matrix.

Paul-H. Balduf Graph differential forms from quantum field theory 23


https://paulbalduf.com/research

References |

Atiyah, Michael (1989). “Topological Quantum Field Theories”. In: Publications Mathématiques de I'Institut
des Hautes Etudes Scientifiques 68.1, pp. 175-186. DOI: 10.1007/BF02698547.

Balduf, Paul-Hermann and Davide Gaiotto (2025). “Combinatorial Proof of a Non-Renormalization Theorem”.
In: Journal of High Energy Physics 2025.5, p. 120. po1: 10.1007/JHEPO5 (2025) 120.

Balduf, Paul-Hermann and Simone Hu (2025). “The Topological Form Is the Pfaffian Form”. In: Documenta
Mathematica. DOT: 10.4171/dm/1039. arXiv: 2503.09558.  arXiv: 2503.09558.

Batalin, I. A. and G. A. Vilkovisky (1983). “Quantization of Gauge Theories with Linearly Dependent
Generators”. In: Physical Review D 28.10, pp. 2567-2582. DOI: 10.1103/PhysRevD.28.2567.

Becchi, C., A. Rouet, and R. Stora (1974). “The Abelian Higgs Kibble Model, Unitarity of the S-Operator”. In:
Phys. Lett. B 52.3, pp. 344-346. DOI: 10.1016/0370-2693(74)90058-6.

Beem, Christopher et al. (2020). “Secondary Products in Supersymmetric Field Theory”. In: Annales Henri
Poincare 21.4, pp. 1235-1310. pOI: 10.1007/s00023-020-00888-3. arXiv: 1809.00009 [hep-th]. arXiv:
1809.00009.

Borinsky, Michael and Don Zagier (2024). On the Euler Characteristic of the Commutative Graph Complex and
the Top Weight Cohomology of Mg. DOI: 10.48550/arXiv.2405.04190. arXiv: 2405.04190 [math.AT].
arXiv: 2405.04190. Pre-published.

Brown, Francis (2021). “Invariant Differential Forms on Complexes of Graphs and Feynman Integrals”. In:
SIGMA 17, p. 103. DOI: 10.3842/SIGMA.2021.103. arXiv: 2101.04419 [math.AG]. arXiv: 2101.04419.

Brown, Francis, Simone Hu, and Erik Panzer (2024). Unstable Cohomology of GL2,(Z) and the Odd
Commutative Graph Complex. DOI: 10.48550/arXiv.2406.12734. arXiv: 2406.12734 [math.AT]. arXiv:
2406.12734. Pre-published.

Brun, Simon and Thomas Willwacher (2024). *“Graph Homology Computations”. In: New York Journal of
Mathematics 30, pp. 58-92. arXiv: 2307.12668 [math.QA]. arXiv: 2307.12668.


http://dx.doi.org/10.1007/BF02698547
https://doi.org/10.1007/BF02698547
http://dx.doi.org/10.1007/JHEP05(2025)120
https://doi.org/10.1007/JHEP05(2025)120
http://dx.doi.org/10.4171/dm/1039
https://doi.org/10.4171/dm/1039
https://arxiv.org/abs/2503.09558
https://arxiv.org/abs/2503.09558
http://dx.doi.org/10.1103/PhysRevD.28.2567
http://dx.doi.org/10.1103/PhysRevD.28.2567
https://doi.org/10.1103/PhysRevD.28.2567
http://dx.doi.org/10.1016/0370-2693(74)90058-6
https://doi.org/10.1016/0370-2693(74)90058-6
http://dx.doi.org/10.1007/s00023-020-00888-3
https://doi.org/10.1007/s00023-020-00888-3
https://arxiv.org/abs/1809.00009
https://arxiv.org/abs/1809.00009
http://dx.doi.org/10.48550/arXiv.2405.04190
http://dx.doi.org/10.48550/arXiv.2405.04190
https://doi.org/10.48550/arXiv.2405.04190
https://arxiv.org/abs/2405.04190
https://arxiv.org/abs/2405.04190
http://dx.doi.org/10.3842/SIGMA.2021.103
https://doi.org/10.3842/SIGMA.2021.103
https://arxiv.org/abs/2101.04419
https://arxiv.org/abs/2101.04419
http://dx.doi.org/10.48550/arXiv.2406.12734
http://dx.doi.org/10.48550/arXiv.2406.12734
https://doi.org/10.48550/arXiv.2406.12734
https://arxiv.org/abs/2406.12734
https://arxiv.org/abs/2406.12734
https://arxiv.org/abs/2307.12668
https://arxiv.org/abs/2307.12668

References |l

Budzik, Kasia et al. (2023). “Feynman Diagrams in Four-Dimensional Holomorphic Theories and the
Operatope”. In: Journal of High Energy Physics 2023.7, p. 127. DOI: 10.1007/JHEPO7 (2023) 127. arXiv:
2207.14321 [hep-th].  arXiv: 2207.14321.

Carqueville, Nils and Ingo Runkel (2018). “Introductory Lectures on Topological Quantum Field Theory”. In:
Banach Center Publ. 114, pp. 9-47. DOI: 10.4064/bc114-1. arXiv: 1705.05734 [math.QA]. arXiv:
1705.05734.

Conant, James and Karen Vogtmann (2003). “On a Theorem of Kontsevich". In: Algebraic & Geometric
Topology 3.2, pp. 1167-1224. po1: 10.2140/agt.2003.3.1167. arXiv: math/0208169.  arXiv:

math/0208169.
Duzhin, S. V., A. |. Kaishev, and S. V. Chmutov (1998). “The Algebra of 3-Graphs”. In: Tpyzsi
Matematudeckoro nHctutyta umenu B.A. Creknosa (Tr. Mat. Inst. Steklova) 221, pp. 168—-196. URL:

https://www.mathnet.ru/eng/tm/v221/p168.

Fradkin, E. S. and I. V. Tyutin (1970). “S Matrix for Yang-Mills and Gravitational Fields". In: Physical Review
D 2.12, pp. 2841-2857. DOI: 10.1103/PhysRevD.2.2841.

Gaiotto, Davide, Justin Kulp, and Jingxiang Wu (2025). “Higher Operations in Perturbation Theory”. In: JHEP
05.5, p. 230. DOI: 10.1007/JHEPO5(2025)230. arXiv: 2403.13049 [hep-th].  arXiv: 2403.13049.
Gauss, Carl Friedrich (1809). Theoria motus corporum coelestium in sectionibus conicis solem ambientium.
URL: http://www.deutsche-digitale-bibliothek.de/item/3VB4VDOTEM5XBYLK3VV7VQY5JK6SZIWO.
Henneaux, Marc (1990). “Lectures on the Antifield-BRST Formalism for Gauge Theories”. In: Nuclear Physics
B - Proceedings Supplements 18.1, pp. 47-105. DOI: 10.1016/0920-5632(90)90647-D.

Isserlis, L. (1918). “On a Formula for the Product-Moment Coefficient of Any Order of a Normal Frequency
Distribution in Any Number of Veriables”. In: Biometrika 12.1-2, pp. 134-139. pOI:
10.1093/biomet/12.1-2.134.


http://dx.doi.org/10.1007/JHEP07(2023)127
http://dx.doi.org/10.1007/JHEP07(2023)127
https://doi.org/10.1007/JHEP07(2023)127
https://arxiv.org/abs/2207.14321
https://arxiv.org/abs/2207.14321
http://dx.doi.org/10.4064/bc114-1
https://doi.org/10.4064/bc114-1
https://arxiv.org/abs/1705.05734
https://arxiv.org/abs/1705.05734
http://dx.doi.org/10.2140/agt.2003.3.1167
https://doi.org/10.2140/agt.2003.3.1167
https://arxiv.org/abs/math/0208169
https://arxiv.org/abs/math/0208169
https://www.mathnet.ru/eng/tm/v221/p168
http://dx.doi.org/10.1103/PhysRevD.2.2841
https://doi.org/10.1103/PhysRevD.2.2841
http://dx.doi.org/10.1007/JHEP05(2025)230
https://doi.org/10.1007/JHEP05(2025)230
https://arxiv.org/abs/2403.13049
https://arxiv.org/abs/2403.13049
http://www.deutsche-digitale-bibliothek.de/item/3VB4VDOTEM5XBYLK3VV7VQY5JK6SZJWO
http://dx.doi.org/10.1016/0920-5632(90)90647-D
https://doi.org/10.1016/0920-5632(90)90647-D
http://dx.doi.org/10.1093/biomet/12.1-2.134
http://dx.doi.org/10.1093/biomet/12.1-2.134
https://doi.org/10.1093/biomet/12.1-2.134

References 1l

Khoroshkin, Anton, Thomas Willwacher, and Marko Zivkovié (2017). "“Differentials on Graph Complexes”. In:
Advances in Mathematics 307, pp. 1184-1214. po1: 10.1016/j.aim.2016.05.029. arXiv: 1411.2369
[math.QA]. arXiv: 1411.2369.

Kontsevich, Maxim (1993). “Formal (Non)-Commutative Symplectic Geometry”. In: The Gelfand Mathematical
Seminars, 1990-1992. Ed. by Israel M. Gelfand, Lawrence Corwin, and James Lepowsky. Boston, MA:
Birkhauser, pp. 173-187. po1: 10.1007/978-1-4612-0345-2_11.

— (2003). “Deformation Quantization of Poisson Manifolds, I". In: Letters in Mathematical Physics 66.3,
pp. 157-216. poI: 10.1023/B:MATH.0000027508.00421.bf. arXiv: q-alg/9709040. arXiv:
q-alg/9709040.

Segal, G. (2001). “Topological Structures in String Theory”. In: Philosophical Transactions of the Royal
Society A: Mathematical, Physical and Engineering Sciences 359.1784. Ed. by V. I. Arnold et al.,
pp. 1389-1398. por: 10.1098/rsta.2001.0841.

Vogel, Pierre (2011). “Algebraic Structures on Modules of Diagrams”. In: Journal of Pure and Applied Algebra
215.6, pp. 1292-1339. por: 10.1016/j. jpaa.2010.08.013.

Wang, Minghao and Brian R. Williams (2024). Factorization Algebras from Topological-Holomorphic Field
Theories. Version 2. DOI: 10.48550/arXiv.2407.08667. arXiv: 2407.08667 [math-ph]. arXiv:
2407.08667. Pre-published.

Witten, Edward (1982). “Supersymmetry and Morse Theory”. In: Journal of Differential Geometry 17,
pp. 661-692. DOT: 10.4310/jdg/1214437492.

— (1988). “Topological Quantum Field Theory”. In: Communications in Mathematical Physics 117.3,
pp. 353-386. DOI: 10.1007/BF01223371.


http://dx.doi.org/10.1016/j.aim.2016.05.029
https://doi.org/10.1016/j.aim.2016.05.029
https://arxiv.org/abs/1411.2369
https://arxiv.org/abs/1411.2369
https://arxiv.org/abs/1411.2369
https://doi.org/10.1007/978-1-4612-0345-2_11
http://dx.doi.org/10.1023/B:MATH.0000027508.00421.bf
https://doi.org/10.1023/B:MATH.0000027508.00421.bf
https://arxiv.org/abs/q-alg/9709040
https://arxiv.org/abs/q-alg/9709040
http://dx.doi.org/10.1098/rsta.2001.0841
https://doi.org/10.1098/rsta.2001.0841
http://dx.doi.org/10.1016/j.jpaa.2010.08.013
https://doi.org/10.1016/j.jpaa.2010.08.013
http://dx.doi.org/10.48550/arXiv.2407.08667
http://dx.doi.org/10.48550/arXiv.2407.08667
https://doi.org/10.48550/arXiv.2407.08667
https://arxiv.org/abs/2407.08667
https://arxiv.org/abs/2407.08667
http://dx.doi.org/10.4310/jdg/1214437492
https://doi.org/10.4310/jdg/1214437492
http://dx.doi.org/10.1007/BF01223371
https://doi.org/10.1007/BF01223371

Dodgson Polynomials
e0

Dodgson polynomials

» Consider the expanded Laplacian, defined as the block matrix

D I
(20
One can show that det(M) = U.

» Let M(A, B) be M with rows A and columns B removed. If |A| = |B|, this is a square
matrix, and its determinant is called Dodgson polynomial

UNP = det (M(A, B)).

» In particular, if A= {i} and B = {j} each consist of only one index, the Dodgson
polynomials ¢~ are the cofactors of M, i.e. they are entries of the inverse.

» M has block form, so M~! has block form. Bottom right block is L™!. = Lemma:
U

(]Lfl)l,’j = (—1)i+j7 (where i,j are indices of vertices).
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Dodgson Polynomials

Example: Dogson polynomials

a 0 0 0 1 -1

1 -1 0 & 0 0 1 0
1 oo o o0 a4 0 0 1
=10 1 M=10o 0 0 a o0 1
0 1 -1 -1 0 0 0 ©

1 0O -1 -1 0 O
In M, the first 4 rows and columns refer to edges, the last 2 rows and columns refer to vertices
Vi, V2.
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Dodgson Polynomials

Example: Dogson polynomials

a 0 0 0 1 -1

1 -1 0 & 0 0 1 0
1 oo o o0 a4 0 0 1
=10 1 M=10o 0 0 a o0 1
0 1 -1 -1 0 0 0 ©

1 0O -1 -1 0 O
In M, the first 4 rows and columns refer to edges, the last 2 rows and columns refer to vertices
v1, vo. Compute vertex-indexed Dodgson polynomials explicitly:

a2 0 0 0 -1
0 a2 0 0 0
U =det [ 0 0 a3 0 1 | =ay(aras+ atas + azas)
0 0 0 a 1
1 0 -1 -1 0

UM = —azazay = UM, U = (a1 + az)azas.
Indeed,
-1 — 1 ax(azas + a1(as + aq) 23324
a3a4 + ai1asz + ai1aq + axaz + asay a2adzay (31 + 82)3384
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Secondary products
e0

Secondary products

» Concentrate on the local operations that are available in all topological QFTs (regardless of
global topological things that might be present additionally)

» There is the ordinary product
A(x)A(x2),

independent of x1, x, as long as x; # xo.

» In BV-BRST formalism [Batalin and Vilkovisky 1983], see [Henneaux 1990], the field variables are
differential forms (i.e. Fermionic fields anticommute, and are of odd degree, while Bosonic fields
commute and are of even degree)

» Given any operator A(x) (and recall supersymmetric generators Q,, generate momentum ),
define descendents

AD(x) := (Q,A(x)) dx*
AR = ax (iQuA* D).
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Secondary products
o] )

Secondary products

» In D dimensions, can at most have form degree D. Let A® = Z/?:o A,

» Let $0—1 be sphere (arbitrary radius > 0) centered at x, define secondary product [Beem
et al. 2020]

(A1 A} (x) = f A () Aolx)

yESK

Simple calculation (namely, identify d = dx"9,): If QA =0, then
QAWK = qAk—1), QA°® = dA°.
» Hence, by Stokes theorem,

Q{A;, A} =0.
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The Formality Theorem
@00000

Background: Deformation quantisation

» Given is a classical field theory. Smooth manifold M. Field variable ¢(t,x), canonical
conjugate 7(t,x) are smooth functions on M. Hamilton function H(4(t,x), w(t,x)).
Skew-symmetric Poisson bracket {f,g} € C°°(M). Gives equations of motion:

at¢:{¢aH}7 8t7T:{7raH}7 {¢77T}:1
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The Formality Theorem
@00000

Background: Deformation quantisation

» Given is a classical field theory. Smooth manifold M. Field variable ¢(t,x), canonical
conjugate 7(t,x) are smooth functions on M. Hamilton function H(4(t,x), w(t,x)).
Skew-symmetric Poisson bracket {f,g} € C°°(M). Gives equations of motion:

at¢:{¢aH}7 8t7T:{7raH}7 {¢77T}:1

» Naive quantisation: Replace {f,g} by % {f, g] Runs into inconsistencies for powers of
fields. Deformation quantisation: Find a “star product” % such that
[f.gl,:=fxg—gx*f 8 n{f,g}+0O (I?).
» Power series ansatz with (to be determined) differential operators B;(f, g).
fxg=Bo(f,g)+ hBi(f,g) + h*Ba(f,g) + ...,

Clearly Bo(f,g) = f - g and By(f,g) = 3 {f,g}. What are the higher B;?
» Two conditions:

1. Should be associative f x (g x h) = (f xg) x h,
2. Should be invariant under diffeomorphisms f — f + ADy(f) + R Da(f) + .. ..
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The Formality Theorem
0O@0000

Background: Deformation quantisation 2

» Solution in [Kontsevich 2003]: Consider graphs I embedded in the upper half plane
H = {z € C|3(z) > 0} with hyperbolic metric.

» In I, each vertex with 2 outgoing edges corresponds to a factor w"f&-aj. (i.e. agraph T
encodes a nesting of Poisson brackets, a differential operator Br). Graph has n upper
vertices and 2 vertices at bottom line R, corresponding to arguments f, g of B,(f, g).
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The Formality Theorem
0O@0000

Background: Deformation quantisation 2

» Solution in [Kontsevich 2003]: Consider graphs I embedded in the upper half plane
H = {z € C|3(z) > 0} with hyperbolic metric.

» In I, each vertex with 2 outgoing edges corresponds to a factor w"f&-aj. (i.e. agraph T
encodes a nesting of Poisson brackets, a differential operator Br). Graph has n upper
vertices and 2 vertices at bottom line R, corresponding to arguments f, g of B,(f, g).

» Define angle ¢(p, g) between geodesic p — g and vertical line p — ioco.

» Each graph is weighted by a weight integral Wr = const x [ A d¢e. Star product is

. . eckEr
(details omitted)

o0
x=- + Zh”ZWrBr.
n=1 r
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The Formality Theorem
00e000

Background: Deformation quantisation 3

» Crucial step: Show that the so-defined x is associative.

» Associativity condition at order A",

n

S Bl By 4(F18).h) = > Be (. By 4l8.h)

k=0

amounts to insertion of operators B;, hence nesting/shrinking of graphs.

» Obstructions to associativity are given by certain integrals over the boundary of
configuration space,

a = / N\ doe.
o

= eck;
Com "

These integrals can be shown to vanish and % is associative. More general, abstract
statement: “Formality theorem”.
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The Formality Theorem
000e00

The significance of ar A ar

» ar is a differential form in dae, to be integrated over Schwinger parameters a..
Itself, ar is an integral over vertex positions x, of some integrand Wr. Schematically:

F () :/ ar :/ Wr, Wr = /\ e % ds,.
{ae} {ae} J{x} ecEr
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The Formality Theorem
000e00

The significance of ar A ar

» ar is a differential form in dae, to be integrated over Schwinger parameters a..
Itself, ar is an integral over vertex positions x, of some integrand Wr. Schematically:

F () :/ ar :/ Wr, Wr = /\ e % ds,.
{ae} {ae} J{x} ecEr

» There is one Schwinger variable a. for each edge, but there could be more than one

coordinate x, for each vertex (i.e. the vertex coordinate is a vector (xél),x‘?), S

Consider a 2-dimensional theory

]-'(F):/ / / W(I)AW(Q):/ ar Aar.
{ae} {XS”} {Xéz)} r r (2} r r
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The Formality Theorem
000e00

The significance of ar A ar

» ar is a differential form in dae, to be integrated over Schwinger parameters a..
Itself, ar is an integral over vertex positions x, of some integrand Wr. Schematically:

F () :/ ar :/ Wr, Wr = /\ e % ds,.
{ae} {ae} J{x} ecEr

» There is one Schwinger variable a. for each edge, but there could be more than one

coordinate x, for each vertex (i.e. the vertex coordinate is a vector (x‘s ) X2 )
Consider a 2-dimensional theory

= W(l)/\W(Q):/ ar A ar.
/{ae} /{X\(/l)} Axéz)} r r (2} r r

» Here, ar A ar is some differential form in the da.’s, independent of the x,. Conversely, we
can exchange the order of integration and do the da. integral first. The integrand is

W A WP = exp <—Z( W2 4 5@ ))/\ds A ds?).
e

Paul-H. Balduf Graph differential forms from quantum field theory 31


https://paulbalduf.com/research

The Formality Theorem
000080

The significance of ar A ar

{ac} {

Wr(l) A Wr(2) = / exp ( Z (521)2 + 592)) /\ dsél) A d5£2)
ac} e e

» This expression factorizes for edges. Consider an edge e from point (0,0) to (x(1), x(?)):

52

72
e s dst) A ds®) = e 7 (—236_2 dae <X(2) dx® — x@ dx(2)) +aztdx® A (lx(2)> .
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The Formality Theorem
000080

The significance of ar A ar

Wr(l) A Wr(2) = / exp ( Z (521)2 + 592)) /\ dsél) A d5£2)
{ae} {ae} e e

» This expression factorizes for edges. Consider an edge e from point (0,0) to (x(1), x(?)):
e_sél)2

72
s dsél) A dsgz) =e 4 (—236_2 dae <X(2) dx® — x(® dx(2)) +a2 tdxM A (lx(2)>
» Only the term o da, contributes to integral. Polar coordinates in the plane:

L (XN _( sing d¥  fcos¢\  [—x®
X = X(2) =r _COS(b ) d7¢ =r sin(b = X(l) .

= x dx® — x@) dxW = ((—x@)2 4 (x1V))2) d¢ = %)> d¢ is the differential of the
2D angle ¢ of the vector X.
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The Formality Theorem
000080

The significance of ar A ar

Wr(l) A Wr(2) = / exp ( Z (521)2 + 592)) /\ dsél) A d5£2)
{ae} {ae} e e

» This expression factorizes for edges. Consider an edge e from point (0,0) to (x(1), x(?)):
e_sél)2

72
s dsél) A dsgz) =e 4 (—236_2 dae <X(2) dx® — x(® dx(2)) +a2 tdxM A (lx(2)>
» Only the term o da, contributes to integral. Polar coordinates in the plane:

B xY [ sind X (cosg) _ —x?
“\x®) 7 "\ —cose)’ dp ~ \sing) — \ x® )~
x dx® — x@) dxW = ((—x@)2 4 (x1V))2) d¢ = %)> d¢ is the differential of the
2D angle ¢ of the vector X.

» Integrate the Schwinger parameter a. for a single edge:

@2 @) RO P
e ds'‘V A ds'? = e 2 2a, 7 |X|” doe A dae = 2dge.
a.=0

a.=0

=
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The Formality Theorem
0O0000e

The significance of ar A ar

» We conclude that the 2-dimensional integral is (very schematically)
FO= / (1) / @) / Wr(l) " Wr(2) B / /\ a
{XV } {XV } {ae) {relative positions X, } €

Closer investigation of the last integral shows: These are the Kontsevich integrals cr which
need to vanish in order to make the star product associative and establish the formality
theorem.
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The Formality Theorem
0O0000e

The significance of ar A ar

» We conclude that the 2-dimensional integral is (very schematically)
FO= / (1) / @) / Wr(l) " Wr(2) B / /\ a
{XV } {XV } {ae) {relative positions X, } €

Closer investigation of the last integral shows: These are the Kontsevich integrals cr which
need to vanish in order to make the star product associative and establish the formality
theorem.

» On the other hand:

_ _ (1) (2 _
ar = ]:(r) - /ae} /{x\(,l)} /{x‘(})} Wr A\ Wr - /{ae} ar N\ ar

» Hence f{a yor Aar = 0 implies the vanishing of Kontsevich integrals.
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