What is tropical field theory?

Talk given at various occasions mid-2026.

Paul-Hermann Balduf

1 Motivation

e Based on 2512.21091 with Erik.
e Problem: Can’t actually solve a path integral.

e = perturbation theory. Feynman integrals are hard, too many. Perturbation series
diverges. But gives high numerical accuracy where it works (e.g. critical exponents).

e — Non-perturbative: Dyson-Schwinger equations, functional renormalization group
[Wegner 1973, Polchinski 1984, Wetterich 1993]. E.g. Wetterich equation
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where L ~ log<£—z) is scale. These work with functionals I'[¢] (=arbitrary dependence

on ¢ and all derivatives). Require truncation (choice of finite subspace of functionals),
hard to control. Limited numerical accuracy, but can reproduce non-perturbative
qualitative phenomena.

2 Combinatorial / 0-dimensional QFT perspective

e Can solve O-dimensional path integral
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e Want to do something more realistic, in particular capture divergences. Recall that a
general Feynman integral is

superficial UV divergence

finite number if the graph has no subdivergence
D
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The gamma function is, for small |z|: T'(z) = L + regular terms. Idea: Want to assign
«“ » 1
value o6 to graph.

e But need to be consistent w.r.t. subgraphs. Safe bet: Include all subgraphs. Subgraphs
can be expressed by permutations of edges. Let
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where o is a permutation of the edges, and (G{,G%,G%,.. "GTEGI) is an ordered
sequence of graphs that arises from adding the edges one by one.

e Example: 1-loop multiedge %(1 +1)= %
e Collect permutations by first edge, obtain recursive formula: Recursively
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e Example: Dunces cap:
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e See: UV-subdivergence = quadratic pole. In fact: Renormalizable by vertex redefintion.

To that end, introduce momentum dependence L := log 5—2. Then, every diagram is

proportional to e« L.

e Example: Renormalized multiedge:
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e For Dunce’s cap, renormalize subdivergence:
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This is still superficially divergent, requires 2-loop counterterm —

e Sum over all graphs, including symmetry factor, gives coupling counterterm
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e In particular, can obtain renormalization group functions
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in MOM, defined by g = G4(Ap=2¢, L = 0, €):
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3 Long-range field theory

e Consider the action
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e Equivalent to interaction Hamiltonian
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where o = 4+2¢. Clearly, propagator
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e Interaction term has classical scaling dimension
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= interaction irrelevant (=non-renormalizable) for { < iD. Long-range exponent
collides with critical exponent of SR-theory when [¢]s, + nsr = [P1r, S0 & =1 —1n < 1.



Parameter space of ¢* theory
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Consider parametric Feynman integrals of this theory:
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Set a = y¢, rescale u — ué, and consider the spacetime dimension D = ¢ - (4 — 2¢).
Thm [Panzer 2022]: The limit £ — 0 of this integral exists, and is given by
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The replacement sum — max is called tropicalization, named after Christian Choffrut
and Imre Simon in Sao Paulo [1988].

Theorem [Panzer 2022]: This coincides with the combinatorial formula,
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The tropicalization of U can be interpreted as a tropical approximation: A complicated
multivariate polynomial is approximated by a piece-wise monomial function. Has been
used extensively in numerical integration [Borinsky 2023; Borinsky, Munch, Tellander
2023, Borinsky, Fraaije 2025, Borinsky 2025].
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Example: Triangle graph. The Symanzik polynomials are here a < ()
0 >~ a2
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e Parametric Feynman integral is over 2 edge variables a.,
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Plot of the integrand m:
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e Integrand is ;75, replace by #,

ay ifag > 1 & a1 > ao,
Uy = max{ai,a2,1} =ay ifay>1&ay>a,
1 else.

(coincidence that it is piecewise linear here. Generally it is piecewise monomial)
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e Solving the integral over # is easy when splitting the domain of integration:
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4 Functional renormalization group

e Combinatorial formula is clearly recursive. Introduce generating functions for m
vertices and n legs:

n
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This satisfies the tropical loop equation [Borinsky 2025] (N-dependent version in
[Balduf,Panzer 2025]:
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Analogous PDEs hold for other generating functions, e.g. connected amplitudes via
Legendre transform [Jona-Lasinio 1964]

J=09,  W(@,9)=j-z-G(()9)

satisfy
. Iy TN 2 2N A N-1 -
(26/\8)\ 4 (3 - €)j0; + 260, — (4 — 2e)>w =~ (W)’ + W + =W+ N.

Multiplicative coupling renormalization
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gives rise to renormalized generating function
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With this, PDE becomes
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Use Callan-Symanzik equation
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Thm: This coincides with the local potential approximation of 4-dimensional ¢* theory
[Nicoll 1976, Felder 1987, Zumbach 1994, ...].

Interpretation: Tropical field theory is the Feynman graph expansion of the local
potential approximation.
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