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Bare tropical loop equation
for quantum effective potential G of

O(N)-symmetric ϕ4 theory [Borinsky 2025; B, Panzer 2025]:(
2ϵλ∂λ + (1− ϵ)φ∂φ + 2κ∂κ − (4− 2ϵ)

)
G = φ2 −

1

∂2
φG

−
(N − 1)φ

∂φG
− N.

Have only logarithmic UV (sub) divergences.
⇒ conventional multiplicative renormalization of mass and
coupling λ =: µ2ϵ

0 · g · Zg (g , ϵ). RG functions β(g , ϵ) := µ0
∂

∂µ0
g ,

2ϵλ∂λ 7→ −β∂g , 2κ∂κ 7→ (2 + γm)m
2∂m2 .

Use Callan-Symanzik equation with scale variable t := log
(

µ0
µ

)
.

∂tGR = −(1− ϵ)φ∂φGR + 2m2∂m2GR − (4− 2ϵ)GR −
1

∂2
φGR

−
(N − 1)φ

∂φGR
+ φ2 − N.

⇒ “Static” version of tropical field theory equals the local potential
approximation of the functional renormalization group [Nicoll et al

1976, Tokar 1984, Felder 1987, Wetterich 1993, Zumbach 1994, . . . ].

Solve TLE in power series in g , φ,m2. All coefficients
are rational. Obtain power series to loop order ℓ ≤ 400.

Analyze large-order behaviour of perturbation theory:
Measure growth rate, compute Borel transform, . . .

E.g. for β-function at ϵ = 0:
Borel plane in MOM scheme Borel plane in MS scheme

Compare literature expectations for Borel plane

[Beneke 1999] [’t Hooft 1977]
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